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Abstract

In this study, the virtual element method (VEM) is utilized to address fine-to-coarse mesh
transitions in phase-field fracture simulations for brittle, homogeneous media. The VEM
discretization of the phase-field brittle damage equation is proposed, where the consistency
and stability matrices of the damage sub-problem are derived by treating it as a general
second-order linear elliptic equation. A nodal average phase-field measure is introduced to
compute the degraded stress field for the elasticity subproblem. This leads to an explicit de-
pendence of the elasticity stability matrix on the phase-field variable. A refinement strategy
based on the analytical displacement fields of linear elastic fracture mechanics (LEFM) is
proposed to give some guidelines on the number and positioning of hanging nodes relative to
the crack front. The proposed discretization strategy is benchmarked against numerical sim-
ulations using the finite element method (FEM), smoothed finite element method (SFEM),
and experimental results to demonstrate its robustness. The coupled equations for damage
and displacement field is solved using a staggered algorithm implemented in the commercial
software Abaqus (Standard). A Static Adaptive Mesh Refinement (SAMR) strategy is also
implemented in Abaqus (Standard) to highlight the ease with which VEM can be used in
phase-field fracture simulations when the crack path is not known a priori. The versatility
of the strategy can lead to the efficient treatment of hanging nodes in adaptive mesh refine-
ment (AMR) and global-local approaches, as well as enable efficient and accurate phase-field
fracture simulations in large-scale engineering structures.

Keywords: Virtual element method (VEM), phase-field, Global-local approach, hanging
nodes

1. Introduction

Numerical simulations of a crack propagating in a solid continuum continue to be an
active area of research. Accurate prediction of material failure through fracture simulations
is critical for ensuring the reliability and safety of engineering structures. Traditional ap-
proaches, such as the cohesive zone model [5], extended finite element method [53] often
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struggle to capture the complexity of crack propagation, particularly in cases of branching,
coalescence, and multi-crack interactions. The phase-field method (PFM) has emerged as a
robust framework for simulating fracture, owing to its ability to represent cracks implicitly
as a diffuse interface without requiring explicit tracking of crack surfaces. This makes PFM
highly versatile for a wide range of fracture scenarios, including dynamic crack branching
and complex geometries, where traditional methods face significant challenges [8, 37|. How-
ever, one of the key limitations of the phase-field approach is its necessity for a very fine
mesh resolution near crack tips to accurately capture sharp gradients in the stress field and
the phase-field variable. This requirement significantly increases the computational cost,
especially for large-scale [48, 35| or three-dimensional simulations [62].

In large-scale phase-field simulations for engineering structures, where vast computational
domains are involved, it is computationally beneficial to have a fine mesh resolution near
cracks while maintaining a coarse mesh in the adjoining regions. However, this leads to
an increased number of transition elements while transitioning from a very fine mesh to a
coarse mesh. Fine-to-coarse mesh transitions become essential in such scenarios, allowing for
localized refinement in regions where the crack is expected to propagate while maintaining
a coarser mesh in less critical regions. This selective refinement drastically reduces the
computational burden, enabling the simulation of large, complex structures such as dams,
bridges, aircraft components, or pipelines, where crack initiation and propagation can occur
over extended periods and locations. This can enable engineers to employ phase-field damage
models to simulate crack initiation and propagation in large domains without sacrificing the
accuracy needed near the crack tip, where the solution is most sensitive.

Techniques such as adaptive mesh refinement (AMR) [4, 45, 24, 38| and global-local
approaches [40, 23] are commonly employed to manage the balance between accuracy and
computational efficiency. However, these techniques often lead to the generation of non-
conforming meshes, introducing hanging nodes at the interface of fine and coarser regions.
Another challenge, specifically in AMR schemes, is the frequent re-meshing, which is a time-
consuming and computationally tedious process, as it involves multiple additional operations
at each convergence iteration, such as checking refinement criteria, mesh smoothing, updat-
ing element connectivity, and transferring variables between mesh configurations [11]. Often,
multiple refinement cycles may be needed within a single increment step, significantly in-
creasing the computational burden. Furthermore, the implementation of user-defined AMR
schemes is limited to in-house developed codes, and their implementation in commercial
finite element software such as Abaqus [17] is rather not straightforward.

Hanging nodes are considered a variational crime [51] in traditional Finite Element Meth-
ods (FEM), as they pose significant convergence difficulties and complicate the enforcement
of continuity and compatibility between adjacent meshes. Several methods exist in the
literature to address the problem of hanging nodes. Various methods have been adopted
in the AMR schemes and global-local approaches used in phase-field fracture simulations.
These include multiscale basis functions [64, 63, 41], Nitsche’s method [49, 50|, dual mor-
tar method [60, 46, 44, 40, 2|, among others. Despite the effectiveness of these methods
in handling hanging nodes, they all require special treatments to ensure continuity across
non-conforming meshes, which often leads to increased computational complexity. Alterna-
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tively, the polygonal finite element methods (PFEM), do not require special treatment for
hanging nodes [54, 56], naturally accommodating non-conforming meshes without the need
for additional constraints or modifications. PFEM and its variants such as the smoothed-
finite element method (SFEM) [32] have been used in AMR schemes in phase-field fracture
simulations in [45, 31, 24, 55, 42, 59, 25|. However, the use of polygonal finite elements
requires the computation of finite element shape functions and the numerical integration
schemes over these elements can be non-trivial.

Figure 1: Comparison of the number of elements generated in the coarse mesh (light grey) region (a) FEM
mesh generated in ABAQUS (4764 elements) (b) VEM mesh (623 elements)

In contrast, the virtual element method (VEM), introduced in the seminal work of [57],
provides a robust yet elegant solution for the treatment of hanging nodes in the interface
between fine and coarse mesh. VEM bridges the mimetic finite differences (MFD) and
FEM by implicitly defining trial and test functions within a conforming Galerkin frame-
work, allowing for geometric flexibility like MFD while maintaining the variational structure
of FEM. The essential ingredient of VEM is the projection operator [58], which computes
the bilinear form without constructing the shape functions. Its flexibility in handling arbi-
trary (convex or non-convex) polygonal or polyhedral meshes, without the need for complex
shape function construction gives it a clear advantage over existing methods. VEM has
been used to solve a myriad range of problems such as linear elasticity [14, 21, 36|, finite
deformation [12], plasticity [15], damage [18, 39], computational homogenization 9], contact
problems [61, 13|, phase-field fracture simulations |1, 33|, fracture of heterogeneous materials
and polycrystalline composites [47, 6, 22|, hydrogen-assisted cracking [34], amongst others.
In [1], a monolithic scheme was used to solve the phase-field fracture equations. However,
the stability term was constructed by triangulating the polygonal elements and assuming a
linear variation within each subdomains. In [34, 33|, a staggered scheme was adopted for the
phase-field fracture for solving hydrogen-assisted and dynamic fracture problems. However,
the formulation employed certain assumptions such as the use of average damage gradient
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over the element and avoiding the dependence of the phase-field variable while computing
the stability term for the elasticity subproblem.

Additionally, limited studies have been done that emphasize the VEM’s ability to deal
with a large number (> 2) of hanging nodes in phase-field brittle fracture simulations. VEM’s
flexibility in dealing with hanging nodes was used in an AMR and mesh cutting scheme for
phase-field brittle fracture simulations in [26]. However, the mesh refinement scheme used
only triangular and polygonal elements with no more than 2 hanging nodes. Furthermore,
little emphasis was given to the position and number of hanging nodes that can be allowed
without a loss of accuracy in the mesh. Interestingly, in [52] the stiff inclusion in a matrix
was discretised using a single virtual element with a large number of hanging node. However,
the study was only limited to a linear elastic analysis. Even in the absence of AMR schemes
in phase-field fracture simulations, VEM’s ability to naturally deal with hanging nodes can
be exploited to keep a very fine mesh in the desired region while maintaining a coarse mesh
in adjoining regions. This is illustrated in Fig. 1 where a complicated geometry is meshed
using finite elements (Fig. 1a) and virtual elements (Fig. 1b). Using elements with 6 hanging
nodes, the number of elements in the coarse mesh region can be drastically reduced by up
to 85 percent as compared to conventional FEM which uses only quadrilaterals of varying
sizes to make such a transition. Thus, a systematic and rigorous study on the use of hanging
nodes to achieve a fine to coarse mesh transition in pre-refined domains forms a motivation
of the current study. The key contributions of this work are

e A simple and robust VEM discretization of the damage and elasticity sub problems
for the phase-field brittle damage theory in a homogeneous, isotropic medium.

e A novel refinement strategy to fix the position and number of elements with hanging
nodes using the concept of K-field loading of LEFM.

e Highlighting VEM’s superiority in terms of reduced number of degrees of freedom and
computational time with respect to FEM and SFEM using benchmark simulations.

e Validation with experimental results of a specimen undergoing mixed mode fracture
with the numerical simulations of a domain discretised with elements having large
number of hanging nodes.

The remainder of this paper is organized as follows. In Section 2, the governing equations of
the phase-field damage theory are derived using the principle of virtual power. Section 3 gives
details on the VEM discretizations of the damage and elasticity sub-problems. A strategy to
fix the number and position of elements with hanging nodes, along with comparisons with
numerical benchmarks and experimental validations, is given in Section 4. Finally, Section 5
concludes the study with a summary of key findings and suggestions for future work.

2. Phase-field modeling of brittle fracture

Consider a solid body in the reference configuration,  C R’ with dimension § € [2, 3]
and 9Q C R%~! be its boundary. We intend to describe the deformation of the body as it
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undergoes fracture with time. Thus, for a material point X € 2 and time t € I C R we
define the displacement field u(X,¢) and the crack phase-field ¢(X,t)

{Qx?f—>R5, {QxfT—>[(),1],
: and o :

' (X,t) = o(X,1).

(X,t) —u(X,1t), (1)

o9, 09, \

™ o, 20,
X

Figure 2: A 2D domain 2 with a sharp crack(left) and diffused crack(right)

The crack phase-field ¢(X,t) is a smeared representation of the sharp crack geometry
within the volume of the body where ¢(X,¢) = 0 represents a fully intact material while
»(X,t) = 1 represents a fully damaged material. Fig. 2 shows a 2D domain with a sharp
and diffused representation of a crack. The infinitesimal strain tensor is used to describe the
kinematics of the body which is given as:

€= % (Vu+Vvu'). (2)

2.1. Macroscopic and microscopic balance laws using the principle of virtual power

The governing coupled equations of the damage evolution and linear momentum balance
can be derived by invoking the principle of virtual power [20]. Let u, Vu, $, Vo be the
kinematical descriptors. The macroscopic system is characterized by traction t(n), body
force b which expends power over velocity u and Cauchy stress tensor o which expends
power over displacement gradient rate Vu. The microscopic system is characterized by
microscopic traction y(n), scalar microscopic stress £ which expends power on the damage
rate ¢ and vector microscopic stress ¢ which expend power over the damage gradient rate
V¢. The external and internal power, Wert(P) and Wnt(P), respectively, of an arbitrary
subdomain # C 2 with boundary 0% is given as:

wm(@):/w (t(n)-u+x(n)-¢5> d(@@)+/@b-ud@, (3a)

Wi (P) = /@ (0' Vi + ¢V + w) . (3b)
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Let the set ¥V = (ﬂ,é) consist of the virtual displacement and damage fields. The
principle of virtual power can thus be expressed as:

/w(t(n).a+x(n).<5)d(ag>)+/@b-ad@:/@<a:va+¢.v(;+ﬂ(g>d@_ n

~ Motivated by the variational approach to fracture [8, 19], the free energy density function
1 is chosen as:

(6, Vo,e) = g(d) (€) + 1 (€) + (¢, V). (5)

where g(¢) is the so called degradation function. Several options such as quadratic, cubic,
linear etc. exist for choosing the degradation function [29]. In this work, a quadratic
degradation function is chosen. Thus, g(¢) = (1 — ¢)*. Using the spectral decomposition of

the strain tensor € = 3 0, g;n; ® 0y, 9% (e) and )9 (g) can be expressed as: [37],

P (e), = A e1+ea+eg)e +p ()i + (e2)i + (e3)1), (6)

5
where A and v are the Lamé’s parameters. (z). are the ramp functions defined as (z), =

\wl+w and (x)_ Iw\ ? The fracture surface free energy density 1//7%¢, with G, as the critical
energy release rate and lp as the regularisation length is taken as the AT?2 model [37]

Jirae — 2% (6 + 12V6- V). (7)

Taking arbitrary values of the virtual fields ¢/, in Eq. 4, using the first and second
laws of thermodynamics, the free energy density function in Eq. 5 and incorporating crack
irreversibility through a history function [37] (%), the macroforce and microforce balance
laws and the associated boundary conditions can be expressed as [20, 16|

V-o+b=0 in (8a)
oc-n=t on 0, (8b)
u=u on 09, (8¢)
% (p—BAG) =2(1—¢)% in Q, (8d)
0
Vo-n=0 on 09, (8e)
where the cauchy stress tensor (o) and the history function (#) are defined as:
awelas( ) a,&e_las(s)
—(1—
(1=9) ge o (%)
H (i (e)) = max ¥ UL (e(s)). (9b)



3. Virtual element method formulation

Consider a 2D domain as shown in Fig. 2 discretised by a set &, consisting of N non-
overlapping polygons. For any element E € &, with its boundary OF, let xgp = (2, y.), hE,
|E| respectively denote the centroid, diameter and area of the element E. The polygon has
N, number of vertices and edges with any vertex and edge denoted by V; and e;, respectively,
withi =1,2,3,..., N,. Any edge e; connects the vertices V; and V;,;. Note that ey, connects
vertices V) and Vy,. Let Pi(E) denote the space of complete polynomials of degree k over

Vi

€3 €4 €5 €6

—o
| O N N

Figure 3: An 8-noded polygon with hanging nodes Vj, Vi, Vi on the bottom edge.

the element E£. A suitable choice for the basis of Py(E) is My (E), which consists of scaled
monomials of degree less than or equal to k. In two dimensions, for the case of k = 1 with
one degree of freedom per node, M;(FE) can be expressed as:

Ml(E) = {m17m27m3} = {17£777}7 (10)

where ¢ and 7 are the scaled monomials defined as:

T — T
= 11
é hE ) ( a)
Y—"Yc
= . 11b
n= (11b)

For the case of 2D elastostatics for k£ = 1, where there are two degrees of freedom per
node, the polynomial space M, (FE) = [M;(F)]? has a dimension of 6, which can be expressed



as:

Ml(E) - {m17m27 m37m47m57m6} -

1)) (2)-()-6)-G)]

where the choice of first three vectors m;, my, ms is made to ensure that the rigid body
modes can be captured. These mathematical preliminaries will be used in the derivation of
the elemental stiffness matrix of any general polygonal shape for the discretised equations
of damage evolution and equilibrium in the subsequent sections.

3.1. Virtual element spaces of the damage and elasticity subproblem

The weak form of the governing differential equations for the damage subproblem (Eq. 8d,
8e) and the linear momentum balance (Eq. 8a, 8b, 8c) can be stated as:

Find ¢ € ¥, = Hy(Q) and u € ¥, = [H;(2)]* such that:

By(¢,v9) = Lg(vg), Vv € Vy, (12)
@u(ua Vu) - Lu(Vu)a \V/Vu € Uu;

where, Hj(Q) indicates the first order Sobolev space. The bilinear forms By(¢, vy),
By(u,vy) and the linear form L(vy), L(vy) are given as:

Bo(6,v5) = /Q (Gul) V- Vg dS2 + /Q (%w%) bvs 9, (13a)
Bulu.va) = [ o) e(va) (13b)

Li(vg) = /Q 2 vy dS2, (13¢)

La(va) = /(9 v £d(09) (13d)

Let V4 5, and 1, , denote the finite dimensional subspaces of V4 and ¥, repectively. These
spaces are constructed by the assembly of , ,(E) and ¢}, ,(E) over the elements E € Py,.
The local virtual element spaces, ¥, ,(E) and ), ,(E) over an element E, are defined as:

/qu,h(E) = {U¢7h U h € Hl(E), AU(M = 0, U¢7h|€ c Pl(e),

Ve € OF, U¢,h|8E S CO(GE)}, (14&)
Van(E) = {Vu,h DV € [Hl(E)]Q, Avyy € [Pl(e)]Q,
Vunle € [Pi(e)]*> Ve e OF, Vunlor € C’O(@E)}. (14b)

For V;,(E) and ¥, (E) defined as in Eq. (14), the degrees of freedom can be chosen
as the values of ¢p, and up(uj,uy) at the vertices of E. Thus the dimension of V,;(E) and
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Vun(E) is N, and 2N, respectively. The global virtual element space ¥, ;, and ¥y}, can now
be defined as:

V(iu,h = {U¢7h D Uph € Hé(Q), U¢,h|e S ng,h(E) VE € 6}1}7 (15&)
th = {Vu,h D Vuh € [H&(Q)}Q, Vu,h|e S Uuﬁ(E) VE € 8h} (15b)

3.2. Computation of the projection operator

A crucial ingredient of the virtual element method is the construction of the projection
operator that approximates the bilinear form Eq.(13a) and Eq.(13b). The finite-dimensional
bilinear form of the damage and displacement subproblem over an element F can be ex-
pressed using the virtual element spaces Eq.(14) as:

B, (Sn, Vo) = B p(Ons Von) + By 5(Ons Von), (16a)
Bung(Up, Vun) = / o(uy) : €(vyy) dE, (16b)
E

where, @ih(gbh, vg.n) and B, (dn, Vg1 ), respectively, denote the diffusion and reaction terms
of the bilinear form Eq. (16a). These are given as:

B 500 v0a) = (Golo) [ Vo1+ Vi dE. (17a)
E
G.
By, (Phs Vo) = (E + 2%’) / Onvpn dE. (17b)
E

Let HZ :Vsn(E) = My(E), Hg) : Vpn(E) = My(F) and IIY : Uy n(F) — M;(E) denote the
projection operators corresponding to the bilinear forms @ih’ I @gﬁ,h, g and Bup ey, Van),
respectively. These can be defined by making use of the orthogonality conditions [58].

Let 1); denote the canonical basis of Vj ,(E), i.e., ¥;(V;) = &;;, where ¢;; is the Kronecker
delta symbol and 4,j = 1,2,--- , N,. Let ¥; = {¢; 0}7 and ¥ y.,; = {0 ;}7 denote the
2N, vectorial canonical basis functions for the displacement subproblem.

Thus, for each basis ; € Vyp(E), Wi € Van(E), Ym, € My(E), Vm, € M, (E), where
t=1,--- N,,i=1,--- 2N,, a=1,2,3and a =1,2,--- ,6, the orthogonality conditions
can be stated as:

B (Mar (I — 1)) =0, (18a)
By p.iz (May (I — 1)) =0, (18b)
BuhE (mc'w (HX‘I'i - ‘I’i) = 0. (18c)
For « =1 and & = 1,2,3 Eq.(18a) and Eq.(18c¢) leads to a trivial solution. Thus Eq.(18)

are supplemented with the following additional equations:
Py (mm (HZ%‘ - w@) )
Py (mén (Hleli - ‘I"i) )
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) (19a)

(a=1
1,2,3). (19b)

0
0
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where, Py(a,b) and Py(a, b) are defined as:

Po(a,b) = Ni Z a(;)b(z;) (20a)
Po(a,b) — Ni Z a(x;) - b(x;) (20b)

If s and 77 denote the coefficients of I1¥4); and II 3 with respect to the basis M;(£) and
M, (FE) respectively (where : =1,..., N, and i = 1,--- ,2N,) then

3

Hgg/zi = Z sfmg, (21a)
B=1
6
My w; =) m/mj. (21b)
B=1

Substituting Eq.(21) in Eq.(18a),(18¢), using Eq.(19), making use of the linear momentum
balance and the divergence theorem to convert the volume integral to boundary integral,
the matrix representation of HX and TIY with respect to the polynomial bases M;(E) and
M, (E) can be obtained as:

Iy =G'B, (22a)
Iy = G™'B. (22b)

The matrices G and B can be expressed as

/ N,
1 v
Fooma(Vy),  (a=1 & B=123)
Gog = =1 (23a)
/ Vmg - VimgdE, (otherwise),
\JE
4 1 N,
SOV (a=1 & i=12N),
Bu=q = (23b)
/ Vm, - Vi, dE, (otherwise).
\JE
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Similarly, the matrices G and B can be expressed as:

( N,
1 -
N D malx;)m(x;), (a=1,23),
GaB = N g (24a)
ng(xj) co(mgy) <@n%1 + |e2—j’nej) (otherwise),
\ Jj=1
( 1 N,
N mg;(x;).Wi(x,), (@ =1,2,3),
v
Bai = < N, |€. | |€| (24b)
Z U, (x;) - o(mg) (_32_1 n. , + 7]n6]> (otherwise).
\ Jj=1

In Eq.(24a) and (24b), n., represents the outward normal vector to the edge connecting the
vertices j and j + 1 as shown in Fig. 3. For j = N,, this would be the edge connecting the
vertices j = 1 and j = N,. Furthermore, the Cauchy stress tensor in Eq.(24a) and (24b) is
the coupled through the phase-field variable (¢) as:

o(ms) = (1 - ¢)*Coe(ma), (25)

where, Cy is the undegraded elasticity constitutive matrix. Choosing ¢ as the nodal values
of the phase-field in Eq.(24a) and (24b) leads to an anisotropic elastic stiffness matrix. To
avoid this, we define the Cauchy stress tensor as:

o(mg) = (1 — ¢)*Coe(ms), (26)
where, we introduce the nodal average phase-field ¢ defined as:
N, &,
b = 7
o= > N (27)
7=1

The projection operator Hg in Eq.(18b) is the L? projection operator onto the polynomial
space M;(E). It can be easily shown that for projection onto the space M;(E), the L2
projection operator is equal to the projection operator for the diffusion term. Thus,

119 = Iy . (28)

If HX and Hz represent the components of HX and IIY with respect to the canonical bases
; and W, respectively. Then these can be expressed as:
Y

I3y = DIIY (29a)
ITY = DITY, (29b)
where, the matrices D and D are given as:
Do = dof;(my,), (30a)
Di; = dof;(mg), (30b)

where, the dofy () operator gives the value of any input at the k* degree of freedom.
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3.3. Computation of the elemental stiffness matrices
The elemental stiffness matrix for the damage subproblem can be computed as:

K(;S,E — @¢,h,E(¢ia ¢J)
= B ) 5 (i + T — Ty, 4y + TIY by — TIY ;) + BY ), (5, TIS0)))

_ G,
— ()" ((GCZO)G + (z_ + 2%) H) (I3) + (Gelo) (T =TT (T - ILY),  (31)
0 ~ ~~ d
~~ Stability term

Consistency term

where the matrix G is the G matrix in Eq.(23a) with the entries with the first row set to
zeros and the matrix H is defined as:

H:/mamg dE. (32)
E

Similarly, the elemental stiffness matrix for the displacement subproblem can be computed
as:

Kur = Bune (¥, ¥;)
= Bupe (I O3, I O;) + Bypp (I-IL)) Oy, (I-I1Y ) &)

= ()" GLY) + (I - I))"SEH(I - ILY), (33)
Consist;gcy term StabiliTy term

where the matrix G is the G matrix in Eq.(24a) with the entries of first three rows set to
zero. We further define the diagonal matrix S?% to introduce an additional dependence on
the phase-field variable through ¢ as:

(S%)ss = max (1 — ¢)*tr(Co)/3, (K p)11) » (34)

where, t7(-) is the trace operator and K,  denotes the consistency matrix of the displace-
ment subproblem.

3.4. Computation of the History and load term

The history energy function of an element % (FE,t), which is a measure of the maximum
stored energy density, is calculated based on the average strain measure over an element
Eavg(E), which can be expressed as,

Eavg(E) = L /E edE = v (1) ;Ev UNLE : (35)

where the final form is derived by applying the divergence theorem to the strain-displacement
relation in Eq. (2). Since IT} € [P1(e)]?, €4y is constant within an element. Thus, # (E,t)
can be evaluated as:

(B, t) = max (€4 (E), 5). (36)

s€[0,t]
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The load term Lgp(¢) can be calculated by making use of the L? projection operator Hg.
So, we have from Eq. (13c,28)

Lgn(;) = 27//;@ dE = 2%/EHZ¢Z- dE =29¢ (1LY )" H(:, 1), (37)

where, H(:,1) represents the first column of the matrix H. The load term for the dis-
placement subproblem can similarly be obtained. Finally, the global stiffness matrices for
the damage and displacement subproblems can be constructed by performing a standard
assembly operation on the elemental stiffness matrices, Ky r and K, g, respectively.

4. Numerical simulations

We now present numerical simulations to evaluate the virtual element method’s (VEM)
efficacy in modeling brittle crack propagation using the phase-field method. In Section 4.1,
we demonstrate that a VEM mesh can significantly reduce the degrees of freedom without
compromising accuracy. Additionally, we illustrate that the use of too many hanging nodes
can lead to inaccurate results. Next, in Section 4.2, we present guidelines for fixing the
number and position of hanging nodes using the K-field loading conditions of linear elastic
fracture mechanics (LEFM). We apply this refinement strategy to the problem of a symmet-
ric three-point bend test in Section 4.3, asymmetric three-point bend test in Section 4.4 and
a compact tension specimen under mixed-mode I + II loading in Section 4.5. Additionally,
in Section 4.5, we introduce a semi-adaptive refinement strategy framework, where virtual
elements can be easily implemented in the commercial software Abaqus to solve problems
where the crack path is not known a priori.

All numerical simulations are performed in the commercial finite element software Abaqus [17].
The element stiffness matrices, residual vector, and load vector for VEM are implemented by
writing user-defined element (UEL) subroutines in Abaqus. To display the virtual elements
with hanging nodes, the results are mapped to a 4-noded dummy quadrilateral element. The
dummy quadrilateral element is assigned negligible stiffness using a UMAT subroutine. The
simulations are performed on a Windows machine (Intel(R) Core(TM) 19-9900KF CPU @
3.60GHz with 64 GB of RAM). The following procedure is used to generate elements with
hanging nodes:

e First, the region containing elements with hanging nodes is partitioned.

e The adjoining regions are meshed with fine and coarse meshes in the Abaqus pre-
processor. Nodes at the boundary between the fine and coarse mesh are marked, and
the input file is generated.

e A MATLAB script is developed to take the Abaqus input file and generate elements
with hanging nodes using the information about nodes present at the boundary be-
tween the fine and coarse mesh regions.
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Figure 4: Schematic of the SENT specimen

4.1. Single edge notch tension test

The single edge notch test (SENT) is a common benchamark study used in phase-field
fracture simulations in the litearature [1, 3, 37]. The SENT specimen consists of a square
plate of dimensions 1 mm x 1mm with a horizontal notch of length 0.5mm placed mid-
height as shown in Fig. 4. The out-of-plane thickness is considered to be 1 mm, and plane
strain conditions are assumed. A uniform vertical displacement loading is applied at the top
end, while keeping the horizontal displacement fixed and the specimen is fixed in both the
horizontal and vertical directions at the bottom end. The material properties used in the
simulations are taken from [37] where the Lamé’s parameters are taken as A = 121150N /mm?
and g = 80769.2 N/mm?2. The fracture parameters which are the critical energy release
rate (G.) and the length scale (ly) used in phase-field fracture simulations are taken as
G.=2.7N/mm and lop = 0.015 mm. The mesh size near the notch (hy) is taken to be 0.001
mm, resulting in a ly/hg ratio of 15, sufficient to resolve the phase-field near the crack. A
total displacement of 0.007 mm is applied.

The simulation is performed in a domain discretised primarily with 4-noded plane strain
finite and virtual elements. Fig. 5 shows the discretised SENT assembly. The 4-noded plane
strain finite element is denoted as FEM CPE4 while the corresponding virtual element is
denoted as VEM CPEA4.

Since a virtual element discretization permits elements with any number of nodes while
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Figure 5: Discretization schemes used in the simulations (a) Domain discretised with FEM CPE4 and VEM
CPE4 mesh (b) Domain discretised with VEM HN1 mesh (¢) Zoomed in region of the transition zone TZ;
highlighting the 13-noded element (d) Zoomed in region of the transition zone T'Zs highlighting the 6-noded
element
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Figure 6: Meshes with a large number of hanging nodes. The dark grey region shows a single element with
(a) 77 nodes (b) 58 nodes

maintaining the conformity of the primary unknowns across element boundaries, we consider
the following three meshes with elements having varying number of hanging nodes,

e VEM HN1: In this mesh, 13-noded and 6-noded virtual elements as shown in Fig. 5c
and Fig. 5d are used in the transition zones (T'Z1, T'Z,) as highlighted in Fig. 5b.

e VEM HNZ2: In this mesh, a 77-noded single element is used along with the 13-noded
transition element in the transition zone 7'Z; as shown in Fig. 6a.

e VEM HNS3: In this mesh, a 58-noded single element is used along with the 13-noded
transition element in the transition zone 7'Z; as shown in Fig. 6b.

Fig. 7 shows the reaction vs displacement plots for different discretization schemes. The
difference in peak reaction force between FEM CPE4 and VEM HN1 mesh is less than 2 %.
An additional simulation with a VEM voronoi mesh (VEM VORO) consisting of a mixture
of polygons with number of sides ranging from 4 to 9 is also done to highlight the model’s
capability in dealing with polygonal elements.

However, significant error accrues in the VEM HN2 mesh in the initial elastic stiffness,
peak reaction force and the post-peak behaviour. For the VEM HN3 mesh, the error in
these parameters reduces as compared to the VEM HN2 mesh, but the peak reaction force
and the post peak displacement response is still not comparable with the VEM CPE4, FEM
CPE4 and the VEM HN1 mesh. This shows the limitations of using virtual elements with
a very large number of nodes in phase-field fracture simulations. Further discussion on the
effect of large number of hanging nodes will be presented in Section. 4.2.
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Figure 7: Reaction vs. displacement plot for different types of discretization

The crack initiation and subsequent crack propagation for the discretization VEM HN1
is compared with the discretization FEM CPE4 in Fig. 8. It can be observed that the
presence of 13-noded and 6-noded transition elements in VEM HN does not affect the crack
initiation load and crack propagation direction. In both the cases, the crack initiates at
a displacement of u = 0.0056 mm and propagates in a brittle manner until an applied
displacement of u = 0.006 mm leading to final failure.

17



(a) FEM @ = 0.0056 mm (b) VEM @ = 0.0056 mm

(c) FEM @ = 0.0058 mm (d) VEM @ = 0.0058 mm

(e) FEM @ = 0.006 mm (f) VEM @ = 0.006 mm

Figure 8: Stages of crack propagation in SENT specimen at various applied displacement levels for the
discretization FEM CPE4 (left) and VEM HN1 (right)

Finally, a comparison of the number of degrees of freedom and the CPU time is shown
in Table 1. The results highlight the significant reduction of these measures by about 60
% achieved with the VEM HN1 discretization as compared to FEM CPE4. This is made
possible by the strategic placement of the 13-noded and 6-noded transition elements, which
enables rapid transition from fine mesh to coarse mesh, which would have been difficult to
achieve with conventional FEM elements.
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Table 1: Comparison of degrees of freedom and CPU time between FEM and VEM discretization

Discretization Number of nodes CPU time (seconds)
FEM CPE4 36708 2580
VEM HN1 12659 (65% 1) 1140 (56% 1)
— TZ:

I [

b4
.8
s

_t

L4+

11
o

(d) (e)

Figure 9: Discretization used to study the influence of hanging nodes (a) VEM mesh with the region T'Z;
highlighting the transition zone located at a distance of 0.67ly from the centre. (b) T'Z; region with 5
hanging nodes (b) T Z; region with 10 hanging nodes (b) T'Z; region with 15 hanging nodes (b) T'Z; region
with 20 hanging nodes
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Figure 10: Reaction vs. displacement plot for different number of hanging nodes

4.1.1. Influence of the number of hanging nodes

We previously showed that for the VEM HN2 and VEM HN3 meshes, using single virtual
elements with a large number of hanging nodes resulted in inaccuracies in both the peak load
and the post-peak response. However, these inaccuracies might also be related to differences
in element size between the two meshes. Therefore, we now isolate the influence of the
number of hanging nodes by keeping the element size fixed and varying only the number of
hanging nodes within the transition elements. Fig. 9 illustrates the discretization employed,
with the region highlighted in red indicating the transition zone where hanging nodes are
introduced. Figs. 9b — 9e present zoomed-in views of the region marked as T'Z; in Fig. 9a.
Specifically, these figures demonstrate how, with a constant element size, the number of
hanging nodes along the bottom edge of the transition zone increases from 5 (Fig. 9b) to
20 (Fig. 9¢). We denote each of these meshes as VEM HN ’z’ mesh, where z denotes the
number of hanging nodes. For example, VEM HN 5 mesh would refer to the mesh shown in
Fig. 9b, which has 5 hanging nodes.

Fig. 10 presents the reaction versus displacement curves for VEM discretizations with
meshes having hanging nodes ranging from 5 to 20. It can be observed that near the
peak load, all meshes with hanging nodes yield slightly higher reaction forces compared to
the FEM and VEM meshes without hanging nodes. Conversely, in the post-peak region,
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Table 2: Comparison between number of nodes, reaction force and failure displacement for meshes with
different number of hanging nodes. Values in brackets indicate the relative error with respect to the FEM
mesh in case of peak reaction force and displacement at failure and % reduction in degrees of freedom for
the case of number of nodes.

Discretization Number of nodes Peak reaction Force (N) Displacement at failure (mm)
FEM CPE4 36708 698.574 6.002x1073
VEM CPE4 36708 706.032 (1.07%) 6.038x 1073 (0.60%)
VEM HN 20 14432 (60.68%) 707.913 (1.34%) 5.976x 1073 (-0.44%)
VEM HN 15 11917 (67.54%) 707.667 (1.30%) 5.976x 1073 (-0.44%)
VEM HN 10 8991 (75.51%) 708.452 (1.41%) 5.984x 1073 (-0.30%)
VEM HN 5 6134 (83.29%) 708.450 (1.41%) 5.984x 1073 (-0.21%)

meshes with hanging nodes exhibit an earlier failure than meshes without any hanging
nodes. These observations are quantitatively summarized in Table 2, which provides a
detailed comparison between the number of nodes, peak reaction force, and displacement
at failure for meshes with varying numbers of hanging nodes. The reduction in degrees of
freedom achieved ranges from 60.68% for the VEM HN 20 mesh to 83.29% for the VEM HN
5 mesh. Importantly, the errors in peak reaction force and displacement at failure remain
below 2%. These results demonstrate that acceptable accuracy can be maintained even with
an increased number of hanging nodes, provided the element size remains constant, at least
in the Mode-I dominated fracture scenario considered here (SENT specimen). However,
it should be noted that the post-peak response may differ somewhat from that obtained
with conventional finite elements. Further discussions on more complex loading conditions,
including mixed-mode fracture cases, are presented in Section 4.2.

4.2. Refinement strategy

Section 4.1 thus shows that, though VEM provides immense flexibility in the choice of
element shape, it can lead to inaccurate results when an element with too many hanging
nodes is used in phase-field fracture simulations. In this section, we provide some guidelines
on choosing the mesh transition rates, number of hanging nodes and their placement with
respect to the crack front so that the results can be achieved with acceptable accuracy.

4.2.1. Effect of mesh transition rate
We now conduct extensive numerical studies to evaluate the accuracy of the virtual
element method for the following three different mesh transition rates:

e 3:1 transition (J;), where the mesh is graded from 3 fine elements to 1 coarse element
with 2 hanging nodes.

e 7:1 transition (73), where the mesh is graded from 7 fine elements to 1 coarse element
with 6 hanging nodes

e 11:1 transition (73), where the mesh is graded from 11 fine elements to 1 coarse element
with 10 hanging nodes
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We use the K-field displacement loading to study the effect of these transition rates
under Mode-I as well as mixed mode loading conditions. In LEFM, the K-field loading
refers to the application of load as a function of stress intensity factors that characterize the
singular stress fields near the crack tip under mixed-mode loading conditions. The far-field
displacement loading for an infinite domain with a pre-existing crack that leads to a singular
state of stress at the crack tip can be expressed as [30]

K 0 0
Uy = —+ Ecos— (2(1 — V) — cos® —)

oV 2T 2 2 (38)
K 0 0
+ f %siné (2(1 — V) + sin? 5)
K 0 0
Uy = —I\/ 2£sin§ (2(1 — V) — cos® 5)
7T
a (38D)

K |
_ B E cos Q —2u + cos? Q
L 2 2 2

where, u,, u, are the x and y displacements, K, and K;; are the mode-I and mode-II

stress-intensity factors. R and 6 are the polar coordinates measured with respect to the
origin located at the notch tip. p and v are the shear modulus and the poisson’s ratio of
the material respectively. The singular stress distribution resulting from the displacement
field (Eq. 38) takes the form

K 0 (1 .0 . 39)
Opp = cos — — sin — sin —
V2rR 2 2 2

Ky .0 0 30 (39)
— \/ﬁsm§ (2+cos§cos?>
K; 0 .0 . 36
Oyy = NCTY: €08 5 (1 + sin 5 sin 5) 390

K . 0 0 30
sin — cos — cos —

V2rR 2 2 2

~

_|_

A schematic of the boundary value problem is shown in Fig. 11. The problem consists
of a 2D square domain of dimensions 800/y x 800ly. A pre-existing crack of length 2001,
starting from the left boundary and placed mid-height exists in the centre of the domain.
A portion of the crack of length 3ly starting from the geometrical notch tip is given a
diffused representation [28]. This makes the crack nucleate around G = 1.2G.. The origin
is located at the crack tip. The elastic and fracture material properties are taken to be
p = 76923 N/mm?, v = 0.3, G, = 3.033 N/mm and [y = 0.5 mm. The mesh size near the
notch (hy) is taken to be 0.05 mm, resulting in a ly/hg ratio of 10. is The K field displacement
described by Eq. 38 is applied to the boundary of the domain. Two sets of simulations are
performed
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Figure 11: Domain with K-field applied boundary condition

e (S1) Mode I simulations (K5 = 0) using virtual elements with the mesh transition
rates 71,72 and J3. The ratio  is used to paramterise the location of transition
elements with repect to the crack front. Here, b represents the vertical distance from
the crack front (6 = 0 axis). Five different values of % are chosen, which are 1, 0.8,
0.6, 0.4 and 0.2.

e (S2) With the number of hanging nodes and the ratio > determined from S1, mixed-

mode simulations are performed for the mode-mixity, 7 =0, 0.22, 0.53 and 1 where
K
7= K1+III(H '

The meshes used for the simulations S1 corresponding to b/ly = 1, 0.6, 0.2 for the three
different mesh transition rates 7y, 95 and J3 are shown in Fig. 12. Fig. 12j shows the damage
contour on a mesh with no transition elements. The final values of the developed phase-field
is similar in all these meshes indicating no loss of accuracy in the computation of primary
field variables.

Fig. 13 shows the displacement profile of the top crack face for the mesh transition rates,
T, (Fig. 13a), 95 (Fig. 13b) and J3 (Fig. 13c). For each mesh transition rate, comparisons
are made between VEM mesh with transition elements placed at different values of %, VEM
and FEM mesh with only quadrilateral elements and LEFM analytical solutions. From
Fig. 13a, 13b and 13c, it can be observed that though there is a difference between the
displacement profiles of the VEM mesh and LEFM analytical results at distances closer to
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Figure 12: Zoomed in view of the mesh used in S1 simulations near the crack front along with the final
phase-field values for mesh transitions rates 77, 95 and J3 corresponding to three different values of % (a-c)
b/lp =1, (d-f) b/lp = 0.6 and (g-i) b/ly = 0.2 (j) reference VEM mesh with 4-noded quadrilateral elements
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Figure 13: Comparison of u, at the top crack face with FEM and LEFM for several values of % for the
three different mesh transition rates (a) J; (b) 72 (c) T3
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Figure 14: Percentage error in the peak vertical stress at the crack front in Mode I fracture for different

number of hanging nodes and % value.

the wake of the crack, the differences become negligibly small at distances farther away from
the notch. This is due to the presence of the finite size of process zone near the crack tip in
a phase-field description of brittle fracture. Interestingly, the position of transition elements
with respect to the crack front (%) doesn’t affect the displacement profiles for any mesh
transition rate.

Fig. 14 shows the percentage error in the peak vertical stress o,, at the crack front
relative to the VEM mesh with only quadrilateral elements. It can be observed that the error
increases as the mesh transition becomes more rapid and when the transition elements are
placed closer to the crack front (i.e., lower % value). Thus, to obtain a reasonable prediction
of the peak load, it is essential to restrict the mesh transition rate and the placement of
transition elements with respect to the crack front. Thus, while making mesh transition
we recommend placing the transition elements atleast at a distance of 0.6y from the crack
front. Furthermore, we recommend choosing transition rates 75 or J; to keep the peak stress
error under 2 percent while doing Mode-I phase-field fracture simulations.

We now choose the mesh transition rate 5 and keep the transition elements at 0.6/
from the crack front to study the effects of mixed-mode loading conditions for simulations
S2. The crack kinking angle obtained with the mesh transition rate 95 is compared to the
crack kinking angle obtained using the maximum energy release rate (ERR) criterion. Fig. 15
shows the phase-field damage contours for different values of mode-mixity as characterized
by . Fig. 16 highlights that even in the presence of transition elements, the crack kinking
angle is in good agreement with the maximum ERR criteria. This suggests that the local
stress state at crack initiation, which governs the crack kinking angle, remains unaffected
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Figure 15: Damage contours showing crack kinking for various values of vy = Kfj_f;{” for number of hanging
nodes = 6 and % =06(a)y=0(D)y=022()y=053(d)y=1

by the mesh transition rate Js.

Though the crack kinking angle indicates the local stress states are captured properly
with the mesh transition rate 75, it doesn’t give much information about the accuracy with
which global stress or strain states are evaluated. To understand the global response under
mixed mode loading conditions, we compute the projected surface energy of the discretised
assembly for the mesh transition rates 77, 7, and J3 corresponding to b/ly = 0.6. The
projected surface energy, which is a measure of the energy dissipated due to damage, is
given as:

Iy/e = /E 2% ((I5(6))" + BV () - VI (6) ) dE. (40)

Fig. 17 shows the projected surface energy, HZ@/A)f "¢ gver the time history of loading for
b/lp = 1 for different mesh transition rates. It should be noted that until a pseudo time
value of 1s, only the phase-field develops in the pre-defined notch region (i.e. no K-field
loading conditions is applied). For all the mesh transition rates 7;, 75 and 3, ngﬂf T s
almost the same as the corresponding VEM or FEM mesh with no transition elements until
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Figure 18: Surface energies for different mesh transition rates for several values of b/l ratios corresponding
toy=0.22 (a) 71 (b) T2 (¢) T3

the process of crack initiation. This probably explains why the crack kinking angle was
captured correctly for all the mesh transition rates. Once the crack initiates, HZ@N € i
under-predicted, albeit by the same amount in all three mesh transition rates. Thus, while
using transition elements, the post-peak response can show a slightly different behavior as
compared to meshes without transition elements.

Figs. 18, 19, and 20 illustrate the evolution of surface energies for various b/l ratios
at mode-mixity () values of 0.22, 0.53, and 1, respectively. Each figure compares results
obtained using three mesh transition rates: 77, 95, and J5. It is evident that all considered
mesh transition rates (77, J2, and J3) consistently under-predict surface energies relative
to the conventional 4-noded finite element solutions across all mode-mixities. The influ-
ence of the b/ly ratio is particularly pronounced for the most abrupt transition rate J3
(Figs. 18c, 19¢, 20c). Specifically, an abrupt mesh transition rate (73) located closer to the
crack front (e.g., b/ly = 0.2) significantly increases the under-prediction of surface energy
post-crack initiation. Conversely, for less abrupt transition rates (7; and 73), the placement
of the transition region does not noticeably impact surface energy evolution. Thus, it is
advisable to avoid mesh transition rates more abrupt than J; to ensure accurate prediction
of surface energy evolution.
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Figure 21: Zoomed in view of the mesh used in mode I simulations near the crack front along with the final
phase-field values for number of hanging nodes (hn) = 2, 6 and 10 corresponding to three different values
of % (a-c) b/lp =1, (d-f) b/ly = 0.6 and (g-1) b/ly = 0.2 (j) reference VEM mesh with 4-noded quadrilateral

elements
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Figure 23: Percentage error in the peak vertical stress at the crack front in Mode I fracture for different
number of hanging nodes and % value.

4.2.2. Effect of number of hanging nodes

We now keep the size of the coarse element constant and subsequently introduce hanging
nodes to isolate the effect of hanging nodes on the solution accuracy under mode I and
mixed-mode loading conditions. The domain size is kept the same as in Section 4.2.1. We
consider the effect of adding 2, 6 and 10 hanging nodes at distances, b = 0.2y, 0.6ly and 1/,
from the crack front.

The meshes used in the simulation are shown in Fig. 21. Similar to Section 4.2.1, it can
be observed that the primary variables in the meshes with hanging nodes, which are the
phase-field and displacement, remain the same as the VEM or FEM mesh with no hanging
nodes. This is evident from the damage contours plotted over the meshes in Fig. 21 and
displacement field of the top crack face in Fig. 22. However, the quantities that involve
gradients, such as the stress, show error. This is evident from Fig. 23, which shows the
percentage error in the peak stress ahead of a crack with respect to a mesh with no hanging
nodes. It must be noted that unlike Section 4.2.1, where the mesh size was kept the same
within a distance +b from the crack front, the mesh size in these simulations is not the same
in this zone. From Fig. 23 it can be seen that the incorporation of any number of hanging

nodes leads to error of atleast 4 percent in the peak stress for % = 0.6, 0.2. However, for

b

o =1 the error of around 2.5 percent is nearly insensitive to the number of hanging nodes.

We fix the value of % = 1 and perform mixed mode simulations for 2, 6 and 10 hanging
nodes for the mode-mixity ratios v = 0.22, 0.53, 1. The meshes used in the simulation along
with the phase-field contours is shown in Fig. 24. The last row of the Fig. 24 shows the
phase-field contours plotted on a VEM mesh with no hanging nodes. It can be observed that
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in all the cases of mesh with hanging nodes, the crack kinking angle is captured correctly.
We have found in our simulation that the final crack lengths for the VEM mesh with hanging
nodes were lesser as compared to the VEM mesh with no hanging nodes. The reason for
this behavior is shown in Fig. 25, where it can be observed that the surface energy, HZ@N rac
for all the VEM meshes with hanging nodes deviates from the VEM mesh with no hanging
nodes beyond the point of crack initiation for all mode-mixity ratios.

We now examine the effect of the - ratio on the evolution of surface energy for vari-
ous mode-mixity values and numbers of hanging nodes. Figs. 26, 27, and 28 illustrate the
surface energy evolution corresponding to mode-mixity values (y) of 0.22, 0.53, and 1.0,
respectively. For each mode-mixity, we analyze the evolution of surface energy across dif-
ferent 3 ratios for configurations with 2 (Figs. 26a, 27a, 28a), 6 (Figs. 26b, 27b, 28b), and
10 (Flgs 26c, 27c, 28¢) hanging nodes. In all cases studied, the surface energies obtained
with hanging nodes are consistently lower than those predicted by conventional four-noded
FEM elements. Notably, placing hanging nodes closer to the crack front at a distance of
0.2l exacerbates the under-prediction. Conversely, positioning the hanging nodes at least
0.6ly away from the crack front results in minimal changes to the evolution of surface energy,
suggesting that increased distances from the crack front mitigate adverse effects on accuracy.

35



(g) hn = 10, v = 0.22

() v = 0.22 (k) v = 0.53

)
T —
0 02 04 06 08 1

Figure 24: Zoomed in view of the mesh used in mixed mode simulations near the crack front along with the
final phase-field values corresponding to b/ly = 1 and different number of hanging nodes (hn) (a-c) hn = 2,
(d-f) hn = 6 and (g-i) hn = 10 (j-1) reference VEM mesh with no hanging nodes
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4.8. Symmetric three-point bend test

Next, the problem of a three-point bend specimen subjected to a symmetrically applied
vertical displacement from the top is considered. Fig. 29 shows the schematic of the specimen
and loading conditions. The elastic and fracture material properties are taken from [37], with
A = 12000 N/mm?, u = 8000 N/mm?, G, = 0.5 N/mm and [y = 0.03 mm. The size of the
mesh near the notch (hg) is chosen to ensure a ly/hy ratio of 8. A total vertical downwward
displacement of 0.01 mm is applied at the center. The specimen is hinged at the lower
left corner and is constrained to move horizontally in the lower right corner. Plane strain
condition is assumed.

Fig. 30 shows the virtual element mesh (VEM HN) used in the simulation, which consists
of 4-noded quadrilateral elements and 10-noded polygon elements. This enables a rapid
transition from the fine mesh to coarse mesh regions. Table 3 shows a comparison of the
number of elements used in three different discretization schemes with nSFEM discretization
referring to the polygonal smoothed finite element method as employed in [31]. The number
of elements can be significantly reduced by up to 42 % for the VEM HN mesh with respect
to the CPE4 mesh used in conventional finite elements. This reduction is roughly twice as
large than the reduction achieved with the nSFEM discretization used in [31]. Fig. 31 shows
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Figure 29: Schematic of the symmetric three-point bend test
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Figure 30: Discretization of the geometry with non matching virtual element mesh (VEM HN). The zoomed
in part shows an element with 6 hanging nodes.

the reaction vs applied displacement plots for different discretization schemes. The plots
obtained with the VEM HN mesh is compared with the the simulations of [1, 31]. It can
be observed that the nSFEM method gives a softer response as compared to voronoi mesh
employed in [1], as well as with FEM CPE4 and VEM HN mesh employed in this work. This
indicates the superior performance in terms of accuracy and speed of the VEM HN mesh
over nSFEM mesh.

Fig. 32 highlights the stages of crack propagation in the specimen with the VEM HN
mesh. It can be observed that using elements 10-noded elements, the results obtained are
comparable to the FEM mesh and nSFEM mesh as reported in [31]. The crack initiates
from the notch which acts as a stress concentrator and propagates vertically upwards until
a final failure is achieved.
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Table 3: Comparison between number of elements for different discretization schemes

Discretization Number of elements

FEM CPEA4 6548
nSFEM |[31] 5132 (22% |
VEM HN 3786 (42% )

L
—eo— Aldakheel et al. 2018|
—a—Li et al. 2019
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Figure 31: Reaction vs. displacement plot for different types of discretization
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(c)

Figure 32: Stages of crack propagation in the three-point bending specimen with VEM HN mesh at dis-
placement (a) 4 = 0.0049 mm, (b) @ = 0.0052 mm (c) @ = 0.01 mm
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Figure 34: Discretization of the geometry with non matching virtual element mesh. The zoomed in part
shows the 10-noded transition elements

4.4. Asymmetric three-point bend test

The crack propagation in the symmetric three-point bend test in Section 4.3 was along a
straight line. We now consider the case of the asymmetric three-point bend test, where the
crack path no longer remains straight due to the presence of an eccentrically placed notch. A
schematic of the geometry and the boundary conditions is shown in Fig. 33. The geometry
of the specimen is from the experiments conducted on a PMMA specimen in [7]. The elastic
and fracture material parameters for the phase-field fracture simulations are taken from [37],
with A = 12000N/mm?, u = 8000N/mm?, G, = 1N/mm and Iy = 0.025mm. The simulation
is run until a downward vertical displacement of 0.1985 mm, with displacement increments
of 1 x 1072 mm in the first 150 increments, which is subsequently reduced to 1 x 1072 mm for
the remaining increments to capture the brittle crack propagation. Plane strain condition
is assumed.
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Table 4: Comparison between number of elements for different discretization schemes

Discretization Number of elements

FEM [37] 58000
VEM [10] 17200
VEM HN 17042

(o]

o

(d)

¢

0 02 04 06 08 1

Figure 35: Stages of crack propagation in the asymmetric three-point bending specimen with VEM HN
mesh at displacement (a) @ = 0.172 mm, (b) @ = 0.198 mm (c¢) @ = 0.1985 mm (d) Experimental crack
pattern [7]

Fig. 34 illustrates the virtual element mesh (VEM HN) employed in the simulation. A fine
mesh is used in the region where crack propagation is anticipated, and 10-noded transition
elements facilitate a rapid transition from the refined mesh region to a coarse mesh. It can
be observed that at certain locations we have used virtual elements with a very high aspect
ratio (= 44). The ratio ly/hg in the pre-refined region is maintained at 2, consistent with [37].
Table 4 compares the number of elements used in the FEM and VEM discretization schemes.
Assuming that the number of nodes in the triangular FEM mesh from [37] is approximately
half the number of elements, the VEM HN mesh achieves roughly a 40% reduction in degrees
of freedom. The VEM mesh presented in [10] contains approximately the same number of
elements; however, it employs a Ji-integral fracture criterion [27] combined with an element-
splitting technique, potentially resulting in additional nodes.

Fig. 35 highlights the stages of crack propagation. The presence of an asymmetrically
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Figure 36: Schematic of the CTS specimen

placed notch and holes creates a mixed-mode loading conditions at the crack tip. As a
result, the crack initiates from the notch and starts following a curved path until it reaches
the second hole. Even with the presence of transition elements with high aspect ratios, no
convergence difficulties were encountered, and the crack path obtained was comparable to
the experimental crack patterns in [7], as shown in Fig. 35d.

4.5. Compact Tension Specimen

We now verify the capabilities of the VEM discretization scheme and the refinement
strategy proposed in Section 4.2 in predicting accurate crack nucleation and propagation
direction with an experiment reported in [43|. In this experiment, a hole is drilled asym-
metrically in a compact tension specimen made up of a brittle polymethylmethacrylate
(PMMA) sheet and a large pre-existing crack of length 13.47 mm is made near the notch.
A schematic of the assembly is shown in Fig. 36. A monotonic displacement loading of 0.2
mm is applied at points A and B. This leads to a mixed mode loading at the crack tip.
The elastic and fracture material properties were taken from [43] with E = 2980 N/mm?,
v=0.3, G. = 0.285 N/mm and ly = 0.1 mm.

We analyse this problem using the following three different meshing strategies:

e VEM VORO: The CTS domain is discretised with a Voronoi mesh consisting of poly-
gons with the number of sides ranging from 4 to 9.

e VEM HN: The CTS domain is discretised with 10-noded virtual elements placed atleast
at a distance of 0.6y from the crack front.
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(a)

Figure 37: (a) VEM HN mesh (the zoomed-in part shows the mesh with 6 hanging nodes) (b) VEM VORO
mesh

e VEM SAMR: The CTS domain is discretised using a Static Adaptive Mesh Refinement
Strategy (SAMR). We use the term "Static" to imply that after a certain criterion is
met, the mesh is manually refined in a region around the crack front. This strategy
can be used for cases when the crack path is not known a priori.

The VEM HN and the VEM VORO mesh are shown in Fig. 37a and Fig. 37b respectively.
In both cases, the mesh is pre-refined in the regions where the crack is expected to propagate.
Fig. 38 shows the flow chart describing the VEM SAMR strategy, where the simulation is
first run on a coarse mesh, until a maximum phase-field value of 0.4 is reached in any node
of the mesh. After this stage, the simulation is stopped, and the expected crack front is
identified by looking at the phase-field gradients. Then, the crack front region is meshed
using the strategies developed in Section 4.2. While refining we keep a fine mesh until a
distance of atleast 1/ from the crack front and use no more than six hanging nodes. The
meshing is done using the ABAQUS CAE pre-processor, while the transition elements are
generated using an in-house developed MATLAB code. Adjustments are then made to the
adjoining coarse mesh and the final refined mesh is generated. The refined mesh will have
new nodes and the ABAQUS input file feature *MAP SOLUTION* is used to map the coarse
mesh solution to the fine mesh. The simulation is continued until the crack reaches the end
of the pre-refined zone, at which stage the solution at the last increment is stored, and the
analysis is terminated. The process is continued for the entire loading history. The mesh
size near the notch (hg) in each of the meshes is taken to be around ly/10 to ly/12.5.

Fig 39 shows the phase-field damage contour in the pre-refined VEM HN and VEM
VORO mesh. The crack initiates from the pre-existing crack and curves upwards, until it
reaches the asymmetrically placed hole. A similar trend is observed for the VEM SAMR
mesh, where a few meshes used in the refinement step are shown in Fig. 40. A zoomed-in
region of the mesh along with the phase-field contour is also shown in each of these figures.
We initiate the refinement procedure when the phase-field value reaches a value of around
0.4 at any node. This is evident from Fig. 40a, where the initial coarse mesh has 2503 nodes.
Fig. 40b shows the 1% refinement stage, where the mesh is refined till a distance of +0.61,
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[Start with a coarse mesh

Identify crack front using ¢, V¢

Refine the zone around the crack front
using the refinement strategy in Section 4.2

Generate refined mesh

Map the coarse mesh solution to fine mesh

Run/Continue the simulation

Has the crack reached the No . . .
o Continue the simulation
pre-refined zone boundary ?
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Store the solution and terminate the analysis

Figure 38: Flowchart for the SAMR strategy implemented in ABAQUS v6.14
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Figure 39: Contours of the crack phase-field for the VEM HN and VEM VORO meshes.

from the crack front and 10-noded elements are used to transition from the fine mesh to the
coarse mesh. Fig. 40c, 40d show the subsequent refinement stages. The final refined mesh
is shown in Fig. 40e which has about 24732 nodes. This is about a 15 percent reduction
as compared to the pre-refined mesh shown in Fig. 37a. The final crack path of the SAMR
mesh is plotted along with the pre-refined mesh Fig. 41. It can be observed that though
the crack path obtained with the VEM HN, VEM VORO and VEM SAMR mesh coincides
with the numerical simulations done with an FEM mesh in [43], a slight difference can be
seen with respect to the experimentally observed crack patterns for both VEM and FEM
simulations.

The reaction force (obtained at the loading point) vs. the crack opening displacement
(COD) is shown in Fig. 42a. The COD is measured at the load points on the notch face.
It can be observed that the VEM HN, VEM VORO and VEM SAMR mesh have similar
peak load (around 22 N) as compared to the experimental results and numerical simulations
using FEM in [43]. The error in the computation of peak vertical reaction obtained with the
VEM HN mesh with respect to the experiment is 6.3 percent as compared to 7.8 percent
for the FEM mesh used in [43]. Consequently, the VEM HN mesh shows lesser energy
dissipation as compared to the FEM mesh. This is also reflected in the post-peak response.
This observation could be explained using Fig. 17 and Fig. 25 where it was shown that the
surface energy was underpredicted in mixed mode fracture simulations due to the presence of
hanging nodes. Fig. 42b shows the effect of increasing ly/hg ratio, which was achieved with
increasing levels mesh refinements keeping [ fixed. The presence of hanging nodes facilitated
a mesh refinement of size y/25 near the crack tip without leading to an exorbitant increase
in computational cost. It can be observed that the peak load successively gets closer to
the experimentally measured peak load with increasing ly/hg value. While this emphasizes
the strength of classical phase-field models in accurately predicting crack nucleation under
mixed-mode loading conditions, it also highlights a key limitation: the need for a very fine
mesh to capture the correct crack nucleation load.
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Figure 40: Meshes used in the refinement scheme and the phase-field contours plotted near the crack vicinity
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5. Conclusion

In this work, we present a robust and efficient VEM discretization for the phase-field brit-
tle damage model, highlighting VEM’s flexibility in accommodating elements with multiple
hanging nodes for seamless transitions between fine and coarse mesh regions. A strategy
was developed to set some guidelines for fixing the number and positioning of hanging nodes
using analytical insights from linear elastic fracture mechanics (LEFM). The key findings
are as follows:

e Employing an excessive number of hanging nodes within a single element can introduce
inaccuracies in the global response during phase-field fracture simulations. However,
if the element size is maintained within a reasonable limit, increasing the number
of hanging nodes results in relatively minor errors (< 2%) in the reaction force and
displacement at failure. On the other hand, the error in the peak stress near the
crack tip and the dissipated surface energy can become significant, depending on the
positioning of these hanging nodes relative to the crack front. Consequently, this can
substantially influence the post-peak behavior of the simulated structure.

e The fracture surface energy is under-predicted in mixed-mode fracture simulations
when elements with hanging nodes are used. This can lead to differences in the post-
peak fracture response as compared to conventional FEM.

e The virtual elements with hanging nodes should be placed at least at a distance of
+0.6/ from the crack front to minimize loss of accuracy. The number of hanging nodes
in mesh transition can be used in the range of 6 to 10 near the crack front to achieve
a balance between accuracy and computational cost.

e The proposed refinement strategy reduced CPU time by up to 56 % compared to FEM
with conforming elements, without compromising accuracy in peak load predictions
and crack path evolution, and can reduce the degrees of freedom by at least 60% if the
transition elements with hanging nodes are strategically placed.

e In terms of degrees of freedom, our approach outperformed the nSFEM [31], showing
efficiency gains.

e Experimental validation demonstrated a good correlation with the crack patterns ob-
served in the asymmetric three-point bend test and CTS specimen under mixed-mode
[+1II loading conditions.

e A Static Adaptive Mesh Refinement (SAMR) strategy is also proposed that implements
the refinement guidelines proposed in an adaptive framework. Its implementation
in the commercial software ABAQUS can potentially lead to large-scale commercial
adoption for phase-field fracture simulations when the crack path is not known a priori.
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These insights underscore the potential of this approach to design efficient adaptive mesh
refinement (AMR) strategies and enable accurate phase-field fracture modeling for large-
scale structures. Additionally, the implementation of this method within the commercial
software Abaqus enhances its potential for industry adoption, allowing for scalable and
efficient crack propagation simulations in complex engineering applications. Furthermore,
the proposed technique can be readily extended to study crack propagation in heterogeneous
structures.
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