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Abstract

We propose a Virtual Element Method (VEM) framework that couples linear cohesive
elements with lowest-order virtual elements to simulate the interplay between matrix crack-
ing and interfacial delamination in composite structures. The matrix domain is discretized
using virtual elements based on a phase-field brittle fracture model, enabling accurate repre-
sentation of crack kinking, curving, and branching. Interfaces are discretized using cohesive
elements derived from a potential-based cohesive zone model to capture mixed-mode sep-
aration. This coupled discretization handles rapid mesh transitions along interfaces and
allows inclusions to be modeled as single polygonal elements with a large number of edges,
offering significant meshing flexibility. We validate the framework through numerical ex-
amples encompassing mixed-mode interfacial debonding, matrix cracking, crack penetration
and deflection at interfaces, and crack kinking from interfaces, comparing results against
existing numerical and experimental data. Additionally, we demonstrate a hybrid strategy
where the virtual elements are used to discretize inclusions while the finite elements are
used to discretize a 3D-printed hyperelastic matrix domain. This hybrid discretization is
then employed to simulate multiple crack nucleation and crack coalescence in a 3D-printed
hyperelastic composite undergoing finite deformation before brittle fracture. The VEM
framework is implemented in the commercial finite element software ABAQUS (Standard)
via user-defined elements, making advanced virtual element capabilities accessible within
an industry-standard platform. This approach thus provides a robust and flexible tool for
simulating brittle fracture in composites with complex damage mechanisms.

Keywords: Virtual element method (VEM), Phase-field fracture, Cohesive Zone Model,
Mesh transitions, Polygonal elements

1. Introduction

Composite materials are widely employed in aerospace structures, automotive compo-
nents, biomedical implants, and civil infrastructure due to their high strength-to-weight
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ratios. Advancements in the additive manufacturing technology have also led to the devel-
opment of tailored composites with varying spatial distributions of inclusions to enhance
the fracture toughness [52, 83, 105]. Despite these advantages, the inherent heterogeneity of
composites makes them prone to complex damage mechanisms such as matrix cracking, fiber
breakage, fiber—-matrix debonding, crack kinking out of interface, and interlaminar delami-
nation. Consequently, the accurate and robust prediction of crack initiation and propagation
in composite structures remains a central challenge in computational mechanics.

Various computational fracture models exist in the literature for modeling the fracture
of composite structures [21]. Some popular approaches which have been applied in modeling
fracture of composite materials include Continuum Damage Mechanics (CDM) [30, 113, 108,
56, 9, 22|, Discrete Element Method (DEM) [60, 53, 84, 48, 26, 29|, Cohesive Zone Model
(CZM) |57, 104, 32, 6, 31, 2, 5, 41], Extended Finite Element Method (XFEM) [116, 97,
13, 115, 28, 44, 89| amongst others. Typically, a combination of these two damage models
is used in simulating fracture in composites to obtain interfacial as well as bulk fracture.
In general, the CZM is combined either with CDM or XFEM. CZM is used for modeling
interfacial failure while CDM or XFEM is used for modeling bulk failure. Though CZM can
properly capture interfacial failure, the use of CDM or XFEM in modeling bulk failure has
certain limitations. Since CDM has no regularization parameter, the crack patterns can be
mesh-sensitive, while XFEM cannot properly deal with multiple cracks, requires complex
crack tracking algorithms for 3D crack propagation problems and can lead to convergence
issues [102, 21]. These issues can be eliminated when CZM is used in conjunction with
Phase-Field Models (PFM) [64, 7].

There is a growing body of literature directed towards the use of PFM and CZM for
simulating fracture in composites |75, 40, 94, 4, 103, 95, 16, 111, 66, 96, 54, 70]. However, all
these works use finite elements for discretizing the domain. The problem with using finite
elements in a PF + CZM framework is that the elements need to be conforming across the
interface boundaries. This can lead to inefficient discretization when the inclusion is rigid,
or is of a complex shape. Sometimes, interfaces are not sharp but of finite thickness (also
called interphase) such as the interfacial transition zone around the aggregate or the finite
thickness adhesive between the adherends. A problem in such cases is that the thickness of
the interphase is about orders of magnitude less than the adjoining adherends. In such cases,
if the crack propagation along the interphase is to be studied in detail, conventional finite
elements which only offer a limited library of elements can lead to inefficient discretization.
Several emerging methods, including isogeometric-meshfree methods [55], peridynamics [1],
and nonlocal operator methods [73, 72, 71|, provide mesh-free approaches for modeling
fracture in composite materials.

The Virtual Element Method (VEM) [99, 101, 100, 18| provides a powerful and in-
novative alternative capable of addressing the issues of mesh-based approaches of solving
partial differential equations. Unlike traditional finite element meshes that require signif-
icant efforts to maintain element shape quality and compatibility constraints, VEM can
easily manage highly irregular geometries, non-conforming meshes, and hanging nodes [85|
without compromising approximation accuracy or computational efficiency. Moreover, VEM
is robust against mesh distortion, ensuring convergent results even on significantly distorted
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elements. Furthermore, VEM can be easily integrated with FEM [86, 62]. Thus, VEM
can be used in those parts of the domain which cannot be easily meshed with FEM, such
as the interface between the matrix or inclusion. This can greatly simplify the numerical
handling of mismatched meshes between different phases. This ease in mesh generation and
conformity significantly reduces computational costs and pre-processing complexities that
commonly arise in FEM-based approaches. Moreover, VEM’s flexibility and accuracy on
polygonal elements make it highly suitable for adaptive mesh refinement strategies [46, 107/,
which can further improve the efficiency of phase-field fracture simulations when applied to
composite structures. Another alternative to VEM is the Polygonal Finite Element Method
(PFEM) [90, 92] and its variants such as the Smoothed Finite Element Method (SFEM) [58].
These methods support polygonal elements, which can be employed for modeling composite
fracture [45]. However, unlike VEM, PFEM requires the construction of Wachspress shape
functions which would in turn require non-trivial numerical integration schemes.

Applications of VEM in the analysis of composite structures include statistical and com-
putational homogenization of heterogeneous structures [80, 10, 59, 17, 61, 10|, multiscale
analysis of heterogeneous media [87, 82|, realistic representation of concrete microstruc-
ture [50], meso-scale modeling of solid propellant [49], amongst others. However, limited
studies have been done that focus on the modeling of interfacial failure and matrix cracking
of composite materials within the VEM framework. In [88] the hard inclusion in a matrix
was modeled by a single virtual element with multiple nodes, but only linear elastic analysis
was performed and no debonding studies were carried out. In [37], the polycrystals were
modeled as a single virtual element with multiple nodes and inter-granular fracture was sim-
ulated using CZM. These models demonstrated the versatility with which VEM can be used
to model polycrystals or inclusions, but these models didn’t consider the effect of matrix
cracking, the kinking of an interfacial crack or the possibility of multiple crack nucleation
which are some of the important failure modes in composite structures. In [12], interfacial
elements were used between virtual elements to simulate matrix and interfacial failure, but
it is well known that the use of interfacial elements can lead to mesh-sensitive results. Thus,
there is a need to develop a robust framework which can efficiently capture matrix cracking,
interfacial cracking and their interaction in composite structures in a VEM framework. This
work aims to bridge these gaps. The key contributions of this work are:

e Development of a VEM framework that combines phase-field approach and cohesive
zone fracture model for modeling fracture in composites.

e Demonstration of the robustness of proposed framework through quantitative valida-
tion against experimental results, specifically in challenging scenarios such as in meshes
containing elements with hanging nodes or containing single polygonal elements over
100 edges.

e Numerical simulation for a range of damage mechanisms in composites, such as inter-
facial cracking, crack kinking from an interface, crack penetration or deflection across
an interface, and multiple crack initiation, using the proposed framework.
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e Extension of the framework through a coupled VEM-FEM formulation to simulate
multiple crack nucleation in composites undergoing finite deformations.

Figure 1: The body Q2 along with the cohesive interface &

Although the numerical investigations presented in this work are restricted to two-
dimensional settings (plane stress and plane strain), the proposed VEM-based framework is
not inherently limited to two dimensions. The present focus on 2D problems is motivated
by the need for a systematic and transparent investigation of the efficiency of virtual ele-
ments in capturing the key damage mechanisms in composite materials, such as interfacial
cracking, matrix cracking, and their mutual interaction, which can be most clearly analyzed
in reduced-dimensional settings.

From a methodological standpoint, the proposed framework can be extended to three-
dimensional composite fracture problems with suitable modifications to the projection spaces [91].
The inherent flexibility of polyhedral element shapes offered by the VEM in three dimensions
further enables fracture simulations in complex structures, including 3D-printed lattices [110]
and bolted composite assemblies [81, 20]. The ability of the virtual elements to discretize
complex shaped geometries can be further employed for an efficient forward design of auxetic
metamaterials [19].

The remainder of this manuscript is organized as follows. Section 2 derives the governing
equations used to simulate failure in composite structures using the phase-field and cohesive-
zone fracture models. The corresponding VEM discretization of these equations is presented
in Section 3. Section 4 discusses the numerical simulations and their validation against
experimental results from the literature, covering several representative damage mechanisms
in composite structures. Finally, Section 5 concludes the study with a summary of the major
findings.



2. Governing equations for damage in composite structures

2.1. Kinematics

Consider a solid body in the reference configuration,  C R? with dimension § € [2, 3] and
00 C R°~! be its boundary. Let, Q*[JQ~ = Q and Q¥ Q™ = &, where & represents an
interface, as shown in Fig. 1. We describe the deformation of the body using the displacement
field u along with the evolution of the field variable ¢ and the separation of the two opposing
faces of the interface &. Thus, for a material point X € Q and time t € J C R, the
displacement field u(X,t), crack phase-field ¢(X,¢) and the displacement jump vector [[u]]
are described as:

Ox T =R,
' (1a)

(X t) = u(X,t),

5. {QxfT—>[0,1], (1b)

(X t) = (X t).

I n:{QX‘“R’ (10)

(X,t) —»u"(X,t) —u (X,1).

The crack phase-field ¢(X, ¢) is a smeared representation of the sharp crack geometry within
the bulk of the body with ¢(X,t) = 0 representing a fully intact material while ¢(X,t) =1
representing a fully damaged material. The displacement jump, [[u]], along the interface
is a measure of crack propagation along the interface. u™(X,¢) and u™(X,t) in Eq. (1c)
denote the displacement vectors of the two opposing faces of the interface. Fig. 1 shows
a 2D domain with the kinematic quantities. The crack phase field ¢ is a measure of the
crack in the bulk of the body, while the displacement jump vector [[u]] is used to indicate
the delamination along the interface. The infinitesimal strain tensor is used to describe the
strains in the body and is given as:

€= % (Vu+vu'). (2)

2.2. Macroscopic and microscopic balance laws using the principle of virtual power in the
presence of a cohesive interface

The governing coupled equations of the damage evolution in the bulk and interface and
the linear momentum balance can be derived by invoking the principle of virtual power |74,
69, 112]. Let u, Vu, b, Vo, [[1]] be the kinematical descriptors. The macroscopic system
is characterized by traction t(n), body force b, which expends power over velocity u, and
Cauchy stress tensor o, which expends power over displacement gradient rate Vu. The
microscopic system in the bulk is characterized by the microscopic traction y(n), scalar
microscopic stress £ which expends power on the damage rate ¢ and vector microscopic
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stress ¢ which expend power over the damage gradient rate ng.ﬁ. Along the interface, the
microscopic system is characterized by the microtraction t;,; that expends power over the
displacement jump vector rate, [[u]]. The internal and external virtual works /" and (f¢**
respectively, for any part # of the body (2 and the part &, of & intersecting % are given as:

West — /P\S b-wd® + /w (t(n) i+ x(n) - ¢> d(OP) (3a)
pint — /P\S (o— Vi + ¢ Vq5+/iq5> dP+/S tine - [[1]]dS, (3b)

Let the set V = (ﬁ, é) consist of the virtual displacement and damage fields. The principle
of virtual power can thus be expressed as:

/6@(t(n)-aer(n).g;)d(@@)Jr/P\S b.idp —

(4)
/ (a’ :Vi+¢-Vo+ /igb) d® + / tins - [[0])]dS,.
P\Sp Sp
Motivated by the variational approach to fracture [15, 34, the free energy density func-
tion w is additively decomposed into two contributions, namely wm and W"t. The term
¢ represents the free energy associated with deformation and damage mechanisms in the
composite matrix, while g@i”t governs the delamination processes along material interfaces.
A similar energetic decomposition has been adopted in several previous studies on coupled
phase-field and cohesive-zone formulations for composites [75, 114, 95]. Since matrix damage
is described using a phase-field fracture approach, 1[1’” depends on the phase-field variable
(¢), its gradient (V¢), and the strain tensor (e). In contrast, interfacial delamination is
characterized by the displacement jump vector ([[u]]). Accordingly, the total free energy
density 1& can be written as:

0(¢, Vo, e, [[u]]) =0™ (¢, Vo, ) + ¢ ([[u]])

= 9(A)5 () + 65 (€) + (0, Vo) + U ([u])). )
~ mz;t,rix g interface

The matrix contribution @Z)m is further decomposed into tensile elastic energy ( 6l“s),

compressive elastic energy (wilas), and the fracture surface energy (wf rac). The split of
elastic energy into tensile and compressive components is physically motivated by the asym-
metric damage response observed in composite materials: tensile principal strains promote
crack initiation and propagation in the matrix, whereas compressive strains generally do
not contribute to damage evolution [8, 63]. To account for this behavior, the degradation
function g(¢) is applied exclusively to the tensile elastic energy welas Several choices for the
degradation function exist in the literature, including linear, quadratic, and cubic forms [51].
In the present work, a quadratic degradation function is adopted, given by g(¢) = (1 — ¢).
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Using the spectral decomposition of the strain tensor € = Z?Zl g;n; ®n;, the tensile and
compressive elastic energy densities can be expressed as: [63]

J95(e)s = Doy +ep +eahe + p ((E0)2 + (22 + {en)d) (6)

2

where A and p are the Lamé parameters, and (-)+ denote the ramp functions defined as
(r)+ = (Je[+2)/2 and (z) = (|| — z)/2.

Since matrix cracking is represented in a smeared sense through the phase-field variable
(¢), crack initiation and propagation are governed by the fracture surface free energy density
&f 7@ In this work, g@f "ac ig defined using the AT2 phase-field model [63], expressed in terms
of the fracture toughness G. and the regularization length [y as:

P = D2 (57 1 1395 V). @
0

The interface energy density ¢ ([[u]]) governs energy dissipation along material interfaces.
For interfacial cracks, the local stress state at the crack tip is generally of mixed-mode nature,
even when the externally applied loading is nominally Mode I [47]. Such mixed-mode con-
ditions commonly arise due to elastic modulus or fracture toughness mismatch between ad-
joining phases in composite materials, for example between the matrix and fibers or between
adjacent plies in layered composites. To capture mixed-mode interfacial crack propagation,
several potential-based and non-potential-based cohesive zone models have been proposed
in the literature [77|. Potential-based cohesive zone models may be broadly classified into
polynomial-based formulations [67, 35, 79| and exponential-based formulations |68, 109, 14].
In the present work, we adopt the potential-based cohesive zone model proposed by Park et
al. [79], and the corresponding interface free energy density is defined as follows:

D ([Tu]]) =min(Gy, G+
[

(o= ey (2 ey ),

where Ty, Ty, 8y, 0, G2y, GE4y o, [ are material constants. [[u]] - n, [[u]] - t represent
the normal and tangential components of [[u]]. Taking arbitrary values of the virtual fields
¢, in Eq.(4), using the first and second laws of thermodynamics, the free energy density
function in Eq.(5) and incorporating crack irreversibility through a history function [63]

(), the macroforce and microforce balance laws and the associated boundary conditions



can be expressed as [36, 24]:

V-o+b=0 in Q\S5, (9a)

oc-n=t on 0, (9b)

u=u on 09, (9¢)

olsm=t;; on S, (9d)

[[on]] = tjs " —tie =0 on 8. (9e)

% (¢ —15AP) =2(1—¢)Z in Q, (9f)
0

Vo-n=0 on 09, (9g)

where the Cauchy stress tensor (o), traction on the interface S, and the history function
(o) are defined as:

LOU(e) | (o)

o= (1-9) 5e 9 in Q\S, (10a)
olsn =t = MZ;LT(IE%]U'H) on S, (10b)
I ()% (e)) = max 1% (e(s)) in Q. (10c)

s€[0,7]

3. Discretization of the governing equation

3.1. Mathematical Preliminaries

We consider a 2D domain shown in Fig. 1 which is discretized by the set &) U&S, where
&) denotes the discretization of the domain Q\ S, and 5 denotes the discretization of the
domain S. &) consists of 2D virtual elements consisting of convex or non-convex polygons.
In contrast, 5 consists of elements formed by duplicating the nodes of § common to
S. An element of &Y is called the cohesive element, has four nodes, and is formed by
each consecutive pair of duplicate nodes. Fig. 2a shows a discretized region containing the
interface. The four-noded cohesive elements (E,) are formed by duplicating the consecutive
nodes of the adjoining 9-noded virtual elements (E,). We show the nominal thickness of a
cohesive element only for representation purposes.

3.1.1. Virtual element

Fig. 2b, shows a 9-noded virtual element, with vertices V; to Vy and edges e; to eg. ne,
denotes the outward normal corresponding to edge eg. A 9-noded element is possible since
VEM allows the use of any arbitrary number of vertices. Similarly, for a virtual element
with a total number of vertices as V,, the edges can be denoted as ey, es,...ey, and the
vertices can be denoted as Vi, Vs, ..., Vy,. e; denotes the edge between the vertices V; and
Vii1. Since Vi, = Vi, en, denotes the edge between the vertices Vi, and V;.
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Figure 2: Discretization of the domain (a) Virtual elements (E,) with cohesive elements (E.) along the
interface (b) A 9-noded virtual element (E,) (c) A cohesive element (E.) in global coordinates (d) A
cohesive element (E.) in local coordinates



Let Px(F) denote the space of complete polynomials of degree k defined over the element
E,. A convenient choice of basis for Py(F) is the set My (FE), which is composed of scaled
monomials of total degree less than or equal to k. In two dimensions, for the case k = 1
with a single degree of freedom per node, the basis set M;(F) takes the form:

Mi(E) = {mq, ma, mg} = {Lfﬂ?}, (11)

where the scaled monomials ¢ and 7 are defined as:

T — T
= 12
é hE ) ( a)
Y—"Yc
= . 12b
n="5- (12b)

For the case of two-dimensional elastostatics with k& = 1, each node possesses two de-

grees of freedom. Consequently, the vector-valued polynomial space is defined as M;(FE) =
[M;(F)]?, which has dimension 6. The corresponding basis can be expressed as:

Ml(E) = {mlamQa m37m4;m5am6} =

OO0

where the first three vectors, mi, my, ms, are chosen to ensure that rigid body motions
are represented.

These preliminaries form the foundation for the derivation of the elemental stiffness ma-
trix for general polygonal elements using VEM, which will be employed in the discretisation
of the governing equations of damage evolution and equilibrium in subsequent sections.

3.1.2. Cohesive element
Fig. 2c and Fig. 2d show the displacement at the nodes of the cohesive element in terms
of global and local coordinates, respectively. The stiffness matrix of a cohesive element is

written in terms of the local separation vector (A = {At An}T), which can be expressed

in terms of the global displacement quantities ({U} = {1 @y - ﬂg}T) as [78]:

{A} = [B{U}, (14)
where, [B¢] = [N€][L¢][R]. [N€] consists of the linear shape functions of the cohesive element,
[L°] relates the local displacement quantities ({Ij} = {711 Uy - - ﬂg}T) to the nodal local

separation variables ({A} = {Ar Ay Ay A4}T) and [R] is the rotation matrix which is
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used to relate the local and global displacement quantities. These can be expressed as:

. (1=t o 1t
[N] = _ (2) 1t (2) Lit | (15a)
-1 0 0 0 0010
a_ (0 =1 0 0 0001
L] = 0O 0 -1 0 1 0 0 0}” (15b)
0 0 0 -1 0100
® 0 0 O
. o e o0 o
[R] = 00 ©® 0 (15¢)
0 0 0 ©

Where 0 < ¢t <1 is a parameter in Eq.(15a), 0 is a square matrix of size 2 in Eq.(15c)
and © is a 2 x 2 matrix given by,

| cost  sinf

= [—sme 00591 : (16)

where, 6 is the angle between the global and local coordinate systems.

3.2. Virtual element spaces
The weak form of the governing equations describing the matrix failure using the phase
field fracture model and the interfacial failure using the cohesive zone model can be stated

as:
Find ¢ € U, = Hy(Q) and u € ¥, = [H}(2)]? such that:

By (b, v5) = Ly(vg), Vvg € Vy, (17)
@S(u, Vu) = Lu(Va), Vvy € Uy,

where, Hj(€2) indicates the first-order Sobolev space. The bilinear forms B7'(¢, v,), B (u, vy)
and the linear form L} (vy), LS (vy) are given as:

By (¢, v4) = / (Gelo)V - Vv d2 + / (%+2%> P dS2, (18a)
o\s Q\s lo
m;trrix
B (wvi) = [ o) etva) a2+ [ (i) - [a)ds. (18b)
\Q\S ) Js
m;trl"ix int;r,face
L (vy) :/ 27 v, dS2, (18¢)
QS
~—_———
matrix
LS(wa) = [ va-td(o%). (184)
\BQ
matrix
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Eq.(18) highlights the bilinear forms associated with the matrix and interface domain.
It can be observed that the bilinear form of the displacement subproblem has an additional
contribution due to the cohesive separation along the interfaces. The bilinear form @;”(qﬁ, Ug)
corresponds to the phase field fracture modeling in the matrix. In contrast, the bilinear form
BE (1, vy) describes the deformation of the body, €2, which includes the separation along the
pre-defined interface S.

Let V4 5, and 1, , denote the finite dimensional subspaces of V4 and ¥, repectively. These
spaces are constructed by the assembly of ¥, ;,(F) and ¢, ,,(E) over the elements F € &/ UEY .
The local virtual element spaces, ¥, ,(E) and ¥, ,(E) over an element E, are defined as:

Vd),h(E) = {U¢7h 1V h € Hl(E), AU¢7h = 0, Ud),h‘e € Pl(e),

Ve € OF, U¢,h|8E S CO(aE>}, (19&)
Vun(E) = {vupn : vup € [H'(E)]?, Avyy € [Pi(e)]?,
Vaunle € [P1(e))> Ve € 0E, vuplor € C°(OE)}. (19b)

For ¥, ,(E) and ¥, (E) defined as in Eq. (19), the degrees of freedom can be chosen
as the values of ¢p, and up(uf,u)) at the vertices of E. Thus the dimension of ,;(E) and
Vun(E) is N, and 2N, respectively. The global virtual element space Vj;, and V), can now
be defined as:

U¢7h = {U@h DUsH € H&(Q), Uqb,h‘e € Ud),h(E) VE € gh}, (20&)
’th = {Vu,h D Vuh € [H&(Q)F, Vu,h|e € quh(E) VE € 8h} (20b)
3.3. Element stiffness matrices

The element stiffness matrix for the damage (K ;) and displacement subproblem (K3, z),
corresponding to the bilinear forms given by Eq.(18a) and Eq.(18b) can be expressed as:

K;E = Kd),Ea (21&)
K¢, = Kup + Krsr, (21b)

where Ky p and K, g represent the stiffness matrix corresponding to the bilinear form of
the matrix domain, as shown in Eq.(18a) and Eq.(18b) respectively. Krgy represents the
stiffness matrix corresponding to the bilinear form of the interface domain, as shown in
Eq.(18b). The following subsections give the explicit form of these stiffness matrices.

3.3.1. Elemental stiffness matrix for the matriz domain

Since the matrix domain of the composite is discretized using the virtual elements, the
stiffness matrices, Ky p and Ky g can be computed by using the projection operators and the
orthogonality conditions [100]. We assume the projection operators HX, and me project
the restriction onto each element of the finite dimensional bilinear forms B7'(¢,v4) and
the matrix component of the bilinear form B¢ (u, vy) to the polynomial spaces M;(E) and
M, (E) respectively. These projection operators can be expressed as [85]:

Iy =G'B, (22a)
Iy, =G 'B, (22b)
12



where the matrices G, B, G and B can be expressed as:

(N,
1
woms(V)  (a=1 & f=123)
Gaﬁ = v Jj=1 (23&)
/ Vme - VmgdE  (otherwise),
\JE
(1M
qupi(vj) (a=1 & i=1,2,---,N,),
Byi=4q "=t (23b)
/Vma -V, dE  (otherwise).
\JE
( 1 Ny
ﬁzma(xj)-mﬁ(xj) (@=1,2,3),
Gy = N = (23¢)
ng(xj) -o(mg) (@nq_l + |€2—j’nej) (otherwise),
\ Jj=1
( 1 N,
FZHI@(X])\II1<X]) (6[: 17273>7
B = = (23d)
N e el
Z U, (x;) - o(mg) (971116]_1 + TJnej) (otherwise).
\ Jj=1

In Eq.(23b) and Eq.(23d), ¥; and ¥; denote the N, and 2N, canonical basis functions of
the spaces Vy,(E) and ¥, ,(E), respectively. In particular, ¢;(V;) = d;;, where 0;; is the
Kronecker delta symbol and i,j = 1,2,--+ , N,, ¥; = {¢; 0}7 and ®yv,; = {0 ¢;}T. The
Cauchy stress tensor is coupled to the phase field nodal-average phase field and is computed
as:

o(ms) = (1 - ¢)*Coe(ma), (24)

where, Cy is the undamaged elasticity constitutive matrix, and ¢ is the nodal average phase
field defined as:

Ny é
b — et
¢ = Z N, (25)
J=1
The stiffness matrix, K, z and K, g can thus be expressed as:
_ G,
K, p = (II)" ((GCZO)G + (E + 2%) H) (1Y) + chzo)(I — DITY)" (I - DHZZ, (26a)
~ Consist;:c + term Stability term
K,z = (IIy,,) G(IT ) + (I - DIy, )" S§(I - DILY ), (26Db)
Consist;;cy term Stabil;c; term
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where the matrices G and G are the G and G matrices in Eq.(23a) and Eq.(23c) with the
first row and the first three rows set to zero, respectively. The matrix H is given by:

H:/mamg dE. (27)
E

The matrices D and D in Eq.(26) are used to represent the projection operators in canonical
bases and are defined as:

Dioc = dofi(ma), (28&)
Dio_z = dOfi(m@), (28b)
where, the dof,(-) operator gives the value of any input at the &' degree of freedom. The

history energy function (%) in Eq.(26) is computed using the volume average strain measure,
which can be computed as:

1 Vv (ITY, u) + V (ITY , u”
eavg(E) = v/‘;SdE = ( : ) o ( : )7 (29>

where V' is the volume of the virtual element FE,,.

3.3.2. Elemental stiffness matrix for the interface domain
The elemental stiffness matrix for the cohesive element can be derived by linearising the
bilinear form corresponding to the interface domain in Eq.(18b) and can be expressed as:

Krsr = / (B [D°][B“] dS, (30)
S
where, the matrix [D¢] can be derived using the PPR potential, W”t as:

aQizjint 82772)7,'nt
D] = {th Dfn] _ [ DA? 6At6An] .

Dc Dc 821;””5 8212}7;711:
nt Tnn 9A,0D,  OAZ

(31)

3.4. VEM-FEM hybrid discretization strategy

We now describe a framework for combining FEM and VEM discretizations within a
unified displacement-based formulation. This approach is particularly useful in situations
where virtual elements offer significant flexibility for discretizing complex geometries, or
when a VEM formulation for a given governing equation is not yet available.

In this work, we adopt a hybrid VEM - FEM discretization framework for modeling frac-
ture in hyperelastic composite materials containing inclusions, where the matrix undergoes
finite deformation. We use four-noded linear finite elements (FE) to discretize the matrix re-
gions, and first-order polygonal virtual elements (VE) with an arbitrary number of nodes to
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Figure 3: Schematic illustration of the hybrid VEM-FEM discretization strategy. (a) Standard four-noded
linear finite elements are employed together with eight-noded polygonal virtual elements.(b) Linear variation
of the displacement and phase-field degrees of freedom along the shared interface.



discretize the inclusion as a single polygonal element. The interface can be discretized using
zero-thickness four-noded cohesive elements (CE). All these element types exhibit linear dis-
placement variation along their element boundaries. As a result, displacement compatibility
across VEM - FEM interfaces is naturally satisfied, and no additional coupling constraints
or mortar formulations are required. The correctness of this hybrid discretization strategy
can be verified through standard patch tests, as demonstrated in [62].

A schematic illustration of the hybrid VEM - FEM discretization and the associated
displacement compatibility across the interfaces is shown in Fig. 3. Figure 3(a) shows four-
noded linear finite elements sharing common edges with eight-noded linear virtual elements.
Owing to the local virtual element spaces defined in Eq. 19, both the displacement u and the
phase-field ¢ degrees of freedom vary linearly and remain continuous across element edges.
Consequently, the finite and virtual elements are fully compatible along their shared inter-
faces. This compatibility is schematically illustrated in Fig. 3(b) for both the displacement
and phase-field degrees of freedom. Note that the cohesive elements used are zero-thickness
elements placed along the shared edges and are therefore not shown here for brevity.

3.4.1. Finite element stiffness matrices for phase-field fracture in hyperelastic matrix under-
going finite deformation
In the finite deformation setting, the deformation of the body is described by the defor-
mation mapping ¢(X), with the deformation gradient,

F = VXQO =1+ qu, (32)

where, X denotes the material coordinates in the reference configuration and I is the Identity
tensor. The phase-field variable ¢ € [0, 1] retains the same physical interpretation as in
Section 2, with ¢ = 0 representing intact material and ¢ = 1 denoting fully developed
fracture.

The stored elastic energy density is defined per unit reference volume and expressed
in terms of invariants of the deformation gradient. A compressible Neo-Hookean model is
adopted,

9 (F) = S(log I + S(TF T, = 3), (33)

where J = det F, I} = tr(FTF), and x and p denote the bulk and shear moduli, respectively.

To ensure that fracture evolution is driven only by tensile deformation, the elastic energy
density is decomposed into tensile and compressive contribution [83|. Specifically, the tensile
part of the elastic energy is defined as:

g(log J)? + g(ﬁll —3), J>1,
(0, J) = (34)
g(ﬁh—a, J <1,
while the compressive contribution is obtained as:

(L, T) = (1, ) = (0, ). (35)
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The total degraded elastic energy density is then written as:

(R, ¢) = (F) + (a(¢) + k) 0™ (F), (36)

where g(¢) = (1 — ¢)? is the degradation function and k < 1 is a numerical stabilization
parameter ensuring well-posedness of the governing equations. The first Piola - Kirchoff
stress can be expressed as:

LU (F) | DU (F)
OF OF
In this work, the finite element discretization of the matrix domain, consists of four-

noded linear (luadrilateral elements. Thus ¢, and u;, can be expressed in terms of their
nodal values [¢] and [a] as:

P/ = (1-9)

(37)

[}

on = [Ng][], (38a)
u;, = [Ny]J[u], (38b)

where, [Ny], [Ny], represent the known finite element shape function matrices of the
damage and displacement field. The gradient of these quantities can be expressed using
the known matrices [By] and [By], respectively. The fracture energy functional and the
phase-field evolution equation retain the same structure as presented in Section 2, with all
quantities consistently defined in the reference element volume (Ep). The finite element stiff-
ness matrices of the damage and displacement subproblems (Kg %0, Kf%o) can be obtained
by consistent linearization of the residual vector, (Ré7 %0, Rf,%o)' The residual vectors and
the element stiffness matrices and can be expressed as:

KiD = /E O { (% + 2%) [N T [Ng] + Gelo [B¢]T[B¢]} dEy, (39a)

RLG =— /E { (%¢ —2(1 - ¢)7f) [Ng)” + Gclo([B¢])TV¢} dE,, (39b)

KIE = BT'8—PI~B dE, 39

why = [ Bl s [Bu] dEy, (39¢)
Ey

RiG =— [E P! : [B,] dEy, (39d)
0

3.5. Implementation in ABAQUS using UEL and UMAT

We implement the proposed formulation in the commercial software ABAQUS (Stan-
dard). The entire simulation framework can be broadly classified into three stages as:

e Preprocessing

e Analysis
17
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Figure 4: Schematic illustration of the Preprocessing stage in simulation workflow.

e Postprocessing

Fig. 4 illustrates the preprocessing workflow adopted to generate a modified Abaqus in-
put (.inp) file starting from the Abaqus Preprocessor. The domain is first meshed using
standard four-noded finite elements in the Abaqus Preprocessor and a raw .inp file is ex-
ported, which is subsequently processed using an in-house developed MATLAB code. This
MATLAB code converts selected finite elements into virtual elements, generates cohesive
elements along prescribed interfaces, and constructs polygonal virtual elements. The result-
ing modified .inp file consists of finite elements (FE), virtual elements (VE), and cohesive
elements (CE), each assigned as different UEL types.

For matrix domains modeled using either VE alone or a hybrid combination of VE and
FE, three overlapping layers of elements sharing identical nodal connectivity are created:
the first two layers correspond to UEL elements storing ¢ and u, respectively. Since Abaqus
does not natively support visualization of UEL-based elements, a third layer consisting of
standard four-noded finite elements with a dummy UMAT material is introduced solely
for post-processing purposes. The UMAT material is modeled as a linear elastic material
with very low stiffness and is used to store and visualize state variables (SDV) transferred
from the UEL, such as o, €, #Z, ¢, etc., at the integration points of the four-noded UMAT
elements.

Algorithm 1 presents the pseudocode for the implementation of the proposed framework
using UEL and UMAT in Abaqus/Standard. The modified Abaqus .inp file is executed
together with a Fortran 77 subroutine, which constructs the elemental tangent stiffness ma-
trix (AMATRX) and the residual force vector (RHS) based on the element type and the active
degrees of freedom. The global stiffness matrix is subsequently assembled by Abaqus, and
the coupled governing equations are solved using an incremental-iterative Newton scheme
within a staggered solution strategy [65]. The state variables associated with the UELSs are
stored at the integration points of a four-noded finite element layer assigned with a dummy
UMAT material, enabling post-processing of results within Abaqus. Since Abaqus can only
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Figure 5: Schematic of the DCB specimen. All dimensions are in millimeters.

natively visualize quadrilateral elements, "non-quadrilateral shaped" polygonal virtual ele-
ments are represented as equivalent four-noded elements in the Abaqus postprocessor. To
more accurately visualize the polygonal virtual elements, results from the Abaqus .odb file
are exported to an Excel file using Python scripts, followed by additional post-processing in
MATLAB.

4. Results and discussions

We now present numerical simulations that demonstrate the capability of the proposed
framework to simulate typical damage mechanisms in composites through four representative
examples, each validated against available experimental or numerical results. In Section 4.1,
we simulate an interfacial crack propagating in a Double Cantilever Beam (DCB). Section 4.2
investigates whether a crack penetrates the opposite side of the interface or deflects along it.
In Section 4.3, we analyze a crack that initially debonds along an interface and subsequently
kinks into the matrix. Finally, in Section 4.4, we simulate multiple cracks nucleating in a
hyperelastic composite consisting of a soft matrix and hard inclusions that are 3D printed.

All numerical simulations are carried out using the commercial finite element software
Abaqus [25]. The element stiffness matrices, residual vectors, and load vectors are imple-
mented through user-defined element (UEL) subroutines, and the results are mapped onto
four-noded quadrilateral elements assigned with a dummy UMAT material having negligi-
ble elastic stiffness, as discussed in detail in Section 3.5. All simulations are executed on a
Windows based PC equipped with an Intel(R) Core(TM) i9-9900KF CPU @ 3.60 GHz and
64 GB of RAM.

4.1. Interfacial crack in a Double Cantilever Beam (DCB) specimen

The problem of an interfacial crack propagating in a Double Cantilever Beam (DCB)
specimen serves as a classical benchmark for simulating interfacial failure. We simulate
delamination under Mode I loading conditions. The DCB specimen is manufactured using
carbon (T300)/toughened epoxy (977-2) and consists of two limbs separated by a central
crack of length 55 mm. Each limb has a length of 150 mm, a thickness of 1.98 mm, and
an out-of-plane width of 20 mm [27]. One end of the specimen is fixed, while a symmetric
vertical displacement is applied at the opposite end. A schematic of the DCB specimen and
the associated boundary conditions is shown in Fig. 5. Plane strain conditions are assumed.
We discretize the laminates using VEM meshes, with each laminate consisting of two layers.
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Algorithm 1 Algorithmic structure for Abaqus implementation using UEL and UMAT

1: Input: Modified Abaqus .inp file consisting of UEL for FE, CE, VE and a dummy
UMAT layer.

2: for Every UEL element (e.g., U1, U2, U11, etc.) do

3: Identify active degrees of freedom (u or ¢) and initialise u, ¢ and History (#).

4: if ¢ is active then

5: Compute History: % ( Ailas(e)) = m[gxx] @Eﬂ“s(e(s)),
se|0,7

6: if element is VE then
7 Compute G, B, HZ using Eqgs. 23a, 23b and 22a,
8: Compute AMATRX using Eq. 26a,
9: Compute RHS = -AMATRX[¢] + [, 27 (11§ |" dE,
10: else if element is FE then
11: Evaluate [Ny| and [By| at each integration point,
12: Compute AMATRX, RHS using 39a and 39b using a Gauss Quadrature rule.
13: end if
14: end if
15: if u is active then
16: if element is VE then
17: Compute G, B, Hzm using Eqgs. 23c, 23d and 22b,
18: Compute AMATRX using Eq. 26b,
19: Compute RHS = -AMATRX[u],
20: else if element is FE then
21: Evaluate [N,] and [B,] at each integration point,
22: Compute AMATRX, RHS using 39c¢ and 39d using a Gauss Quadrature rule,
23: else if element is CE then
24: Compute {A} using Eq. 14,
25: Compute AMATRX using Eq. 30,
8,¢int
26: Compute RHS = — [([B]" a%ét] ds.
A,
27: end if
28: end if
29: end for
30: for every element in the dummy UMAT layer do
31: Form the constitutive matrix of a linear elastic material with a very low stiffness.

32: Store the state variables of the UEL (FE, VE, CE) such as o, €, #, ¢, etc. at the
integration points of the element.

33: end for

34: Output: Element residual vector, (RHS) and tangent stiffness matrix (AMATRX).
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Figure 6: Zoomed-in view of the mesh at the region marked as "M’ in Fig. 5. Left- VEM mesh consisting of
only four-noded elements. Right - VEM mesh with four-noded cohesive elements and 14-noded transition
elements. The size of each cohesive element is 0.25 mm (left) and 0.025 mm (right).

Two mesh configurations are considered:

e VEM HN 0 mesh: The interface is discretized using four-noded cohesive elements
and the laminates are discretized using four-noded quadrilateral elements.

e VEM HN 10 mesh: The interface is discretized using four-noded cohesive elements,
while the layer adjacent to the interface in the laminates employs 14-noded elements.
The upper layer of the laminate uses four-noded elements, resulting in ten “hanging”
nodes at the interface.

This configuration highlights the capability of the VEM to handle non-matching meshes
across interfaces, a feature not available in conventional FEM formulations. A zoomed-in
view of the mesh near the DCB notch is shown in Fig. 6. The laminates are modeled as
orthotropic materials, and their elastic properties, along with those of the interface, are
listed in Table 1 and Table 2, respectively.

Table 1: Mechanical and fracture proper- Table 2: Parameters of the PPR CZM used
ties of laminates [27, 39, 98] for the interface [27, 39, 98]
Property  Value Parameter Value
E,. 150 GPa On 60 MPa
E, =FE.. 11GPa o 60 MPa
Gy =G, 6GPa G, 0.352N/mm
Gy 3.7 GPa Gy 0.352N/mm
Vpy = Vg 0.25 On 0.015 mm
Vyz 0.45 0t 0.015 mm
G. I N/mm m 2
lo 0.025 mm n 2
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Figure 7: (a) Deformed plot of the DCB specimen (b) Vertical reaction force vs, Crack Opening Dispacement
(COD) for the material properties listed in Table 1 and 2 (c) Vertical reaction force vs. COD for varying
values of the normal strength of the interface (o,,)
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Figure 7a presents the final deformed configuration of the DCB specimen following pure
interfacial failure, together with a zoomed-in view of the deformed mesh in the vicinity of
the adhesive layer. Despite the presence of non-matching meshes across the interface, dis-
placement continuity is preserved throughout the simulation. This behavior stems from the
construction of the lowest-order VEM spaces, which enforce linear and continuous displace-
ment fields along element boundaries, thereby ensuring kinematic compatibility without
additional coupling constraints even under large interfacial separations.

The corresponding vertical reaction force versus Crack Opening Displacement (COD)
response is shown in Fig. 7b. Both VEM discretizations (HN 0 and HN 10) exhibit ex-
cellent agreement with the experimental results reported in 27|, accurately capturing the
initial stiffness, peak load, and post-peak softening behavior. Minor oscillations observed
in the post-peak regime are also present in the experimental data and are attributed to
the high strength and brittle nature of the adhesive interface. These results demonstrate
the robustness of the proposed VEM-based framework in modeling interfacial fracture while
maintaining accuracy even in the presence of mismatched meshes.

Figure 7c illustrates the influence of interface strength on the load—displacement response
of the DCB specimen. Three high normal interface strengths, o, = 60, 80, and 100, are
considered. It is well known that the characteristic length scale of cohesive zone models
scales inversely with the square of the interface strength [98]. Consequently, conventional
FEM formulations would require prohibitively fine mesh refinement near the interface to ac-
curately resolve damage evolution for such high-strength interfaces, resulting in a significant
increase in computational cost. In contrast, the proposed VEM-based framework enables
local refinement along the interface by introducing additional interface nodes without refin-
ing the surrounding laminates. This capability allows the framework to efficiently capture
interfacial failure across a wide range of interface strengths while maintaining a coarse and
computationally efficient discretization of the bulk domains, highlighting a key practical
advantage of the proposed approach.

4.2. Penetration deflection studies

We next study the problem of a crack either penetrating or deflecting along an interface a
classical benchmark for assessing the capability of a damage formulation to capture realistic
crack trajectories in layered composites, where crack propagation results from a complex
interplay between matrix and interface failure [23]. Alam et al. [3] conducted experiments
to observe crack penetration or deflection as a function of the interface orientation. Figure 8
presents a schematic of the specimen. The sample has a thickness of 5.8 mm, with a notch
introduced midway in one of the PMMA laminates. Another laminate is bonded to it at a
prescribed orientation using an adhesive layer that forms the interface. Depending on the
interface orientation, a crack initiated from the pre-existing notch may either propagate along
the interface or penetrate into the adjoining laminate. The elastic and fracture properties of
the PMMA laminates and the PPR cohesive zone model parameters of the adhesive interface
are listed in Table 3 and Table 4, respectively. Plane strain conditions are assumed.
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Figure 8: Schematic of the specimen used in the expt. [3]. The region marked as "M" is further illustrated
in Fig. 9. All dimensions are in millimeters.
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Figure 9: Zoomed-in view of the mesh near the notch (region marked as M in Fig. 8) with non-matching
meshes at the interface and the laminate for the interface oriented at (a) 75° (b) 80° (c) 85° (d) 90°.

Table 3: Mechanical and fracture proper- Table 4: Parameters of the PPR, CZM used
ties of PMMA laminates |3] for the interface [3]
Property Value Parameter Value
E 150 GPa On 16.2 MPa
v 0.37 oy 16.2 MPa
G, 0.621 N/mm Gy, 0.3706 N/mm
lo 0.12mm Gy 0.3706 N/mm
On 0.015mm
Oy 0.015 mm
m 2
n 2
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Figure 10: Experimental crack patterns [3] along with the simulated results for the interface oriented at (a)
75° (b) 80° (c) 85° (d) 90°
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Figure 9 shows the discretization in the zoomed-in region “M” identified in Fig. 8. The
PMMA matrix is discretized with four-noded virtual elements along with ten-noded tran-
sition virtual elements. Each of the ten-noded virtual element consist of six hanging nodes
placed at a distance of 1l from the crack front [85]). The interface is discretized using
four-noded cohesive elements. The transition elements enable a rapid transition from a fine
mesh near the interface to a coarser mesh in the surrounding regions.

Figure 10 compares experimentally observed crack paths [3] with numerical predictions
obtained using the proposed VEM-based framework for different interface orientations. For
interface angles of 75° and 80°, the crack predominantly deflects along the interface. This
behavior is characterized numerically by large deformation and elongation of the cohesive
interface elements, while the phase-field damage variable ¢ in the adjacent laminate re-
mains low. These results indicate that interfacial debonding is energetically favored over
penetration into the bulk material for these orientations.

In contrast, for interface angles of 85° and 90°, the simulations show a clear transition
from interfacial debonding to crack penetration into the laminate. This transition is marked
by a pronounced increase in the phase-field damage variable ¢ within the bulk, consistent
with experimentally observed penetration-dominated fracture. The ability of the proposed
framework to capture this deflection—penetration transition across a range of interface ori-
entations demonstrates its robustness in reproducing mixed-mode fracture mechanisms and
highlights its capability to accurately predict competition between interfacial and bulk fail-
ure in composite materials.

4.8. Crack kinking out of an interface

We now consider the problem of a crack kinking out of an interface between a hard
fiber and a soft matrix, as schematically illustrated in Fig. 11. The bottom face of the
model is fixed, the lateral faces are constrained in the horizontal direction, and a vertical
displacement is applied to the top face. The elastic and fracture properties of the matrix
and inclusion, along with the PPR cohesive zone model parameters, are listed in Table 5
and Table 6, respectively. Plane strain conditions are assumed.

Table 5: Mechanical and fracture proper- Table 6: Parameters of the PPR CZM used
ties of the matrix and fiber (denoted by su- for the interface [96]
perscript 'm’ and ’f’ respectively) [96]

Parameter Value

Property Value

On 120 MPa
E™ 4GPa oy 120 MPa
v 0.4 G, 0.6 N/mm
E! 40 GPa Gy 0.6 N/mm
vl 0.33 On 0.2 mm
G 0.25 N/mm 5 0.2 mm
I 0.0075 mm m 2
G/ 0.4N/mm n 9

I 0.0075 mm
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Figure 11: A mesoscale representation of a hard fiber embedded in a soft matrix. All dimensions are in
millimeters.

(b)

Figure 12: Comparison between FEM and VEM discretizations of the inclusion (a) FEM - inclusion is
discretized with 5810 four-noded elements (b) VEM - inclusion discretized with a single polygonal element
with 420 nodes.
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Figure 13: Stages of crack kinking out of the fiber-matrix interface (a) Initial debonding (b) Crack kinking
out of the interface at around 70° (¢) Experimentally observed crack patterns (digitized) [76]
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Figure 14: Vertical reaction force vs. vertical displacement for the FEM mesh and VEM mesh
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Figure 15: Reaction force versus top displacement for different values of the phase-field length scale parameter
relative to the characteristic element size, lo/h = 2,3,4,5, and 10. Here h = 0.00375mm denotes the
characteristic mesh size.

We consider two types of discretization as shown in Fig. 12. Fig. 12a shows the FEM
mesh, while figure Fig. 12b shows the VEM mesh. In both these cases four-noded cohesive
elements are used at the interface between matrix and fiber. The mesh near the interface
has an element size (h) of 0.00375 mm to accurately capture the steep stress and damage
gradients during crack propagation along the interface or into the matrix. Since the fiber is
ten times stiffer than the matrix, the crack does not kink into the fiber. However, when using
FEM, the fine mesh required in the adjacent matrix and interface results in an inefficient
discretization of the fiber, as only quadrilateral and triangular elements are permitted. This
inefficiency is evident in Fig. 12: the FEM mesh required 5810 four-noded elements to
discretize the fiber. In contrast, the VEM allows any polygonal shape, enabling the inclusion
to be modeled with a single polygonal element containing 420 nodes without the need to
compute shape functions.

Figure 13 illustrates the crack initiation and propagation mechanisms captured using the
VEM mesh with the inclusion modeled as a single polygonal element. Crack initiation is
first observed as interfacial debonding along the fiber—matrix interface, driven by the high
stiffness and fracture toughness mismatch between the two phases. As loading progresses,
the interface crack arrests once the energy release rate along the interface becomes insufficient
to sustain further propagation.

Subsequently, a secondary crack nucleates within the surrounding matrix and the crack
kinks away from the interface, propagating through the matrix at an angle of approximately
70° with respect to the vertical axis. This crack deflection behavior is consistent with
experimentally observed fracture paths in fiber-reinforced composites and reflects the com-
petition between interfacial fracture resistance and bulk matrix toughness [76]. The results
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demonstrate that the proposed framework accurately captures mixed-mode crack deflection
without even with fibers modeled as single polygonal element with arbitrarily large number
of nodes.

Figure 14 compares the vertical reaction force-displacement responses obtained using
FEM and VEM discretizations. The initial elastic stiffness predicted by both methods is
nearly identical, indicating consistent representation of the global structural response. The
peak load and subsequent softening behavior are also well captured by the VEM formulation,
closely matching the FEM results.

Notably, the VEM model represents the rigid inclusion using a single 420-noded polygonal
element, whereas the FEM model requires 5810 quadrilateral elements to discretize the same
region. Despite this drastic reduction in mesh complexity, the VEM achieves comparable
accuracy in both peak load and post-peak response. This highlights a key advantage of the
VEM framework, it enables accurate fracture prediction with substantially fewer degrees of
freedom while offering superior geometric flexibility for modeling rigid or complex-shaped
inclusions.

To assess the sensitivity of the proposed framework with respect to the phase-field length
scale parameter, simulations were performed by varying the ratio ly/h, where h denotes the
characteristic element size in the refined fracture zone. The mesh size h is chosen to be
0.00375 mm according to FEM simulations in [96]. Figure 15 shows the reaction force
versus applied vertical displacement at the top for lo/h = 2,3,4,5, and 10.

The results indicate that smaller values of ly/h lead to a sharper post-peak response
and higher peak loads, whereas increasing ly/h results in a more diffused damage zone
and a reduction in the peak reaction force. For excessively large values of ly/h = 5h, 10h,
premature softening and variations in crack kinking angles were observed. These findings
highlight the regularization role of the phase-field length scale and emphasize the necessity
of selecting an appropriate ly/h ratio to ensure physically consistent and mesh-independent
results.

Table 7: Comparison of computational cost between FEM and VEM discretizations.

Method Degrees of freedom Total CPU time (s)
FEM 70,416 25,118
VEM 65,796 11,922
Reduction (%) 6.56 52.54

Table 7 compares the computational performance of the FEM and VEM discretizations
for the same fracture problem. The VEM-based formulation achieves a reduction of approxi-
mately 6.6% in the total number of degrees of freedom compared to the FEM discretization,
while yielding a substantially larger reduction of about 52.5% in total CPU time. This
pronounced decrease in computational cost can be attributed to the ability of VEM to effi-
ciently represent rigid or nearly rigid inclusions using single polygonal elements with a large
number of nodes, thereby reducing the overall system size and improving solver efficiency.
Moreover, unlike conventional FEM, the VEM formulation avoids explicit numerical inte-
gration over element interiors and does not require looping over multiple integration points,
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Figure 16: Evolution of the number of Newton iterations per load increment for the FEM and VEM dis-
cretizations.

which further enhances computational efficiency. These results highlight the advantages of
the proposed VEM framework, particularly for composite structures characterized by strong
material contrast and complex geometries.

Figure 16 compares the evolution of the number of Newton iterations per load incre-
ment for the FEM and VEM discretizations. The FEM formulation requires a significantly
larger number of load increments (approximately seven times more than VEM) and ex-
hibits frequent spikes in the Newton iteration count, particularly during crack initiation and
propagation. This behavior arises because, as cracks initiate and evolve, finite elements in
the vicinity of the crack become increasingly distorted, leading to difficulties in achieving
convergence within the prescribed number of Newton iterations. Consequently, the Abaqus
solver automatically reduces the time increment, resulting in a substantial increase in the
total number of load increments.

In contrast, the VEM-based formulation is inherently robust with respect to element
distortion, as it does not rely on an explicit mapping of element geometry to a reference
(parent) element. As a result, the VEM formulation converges with fewer Newton iterations
per increment and requires significantly fewer total load increments to reach complete fail-
ure. This improved convergence behavior, combined with the reduced number of degrees
of freedom reported in Table 7, directly contributes to the pronounced reduction in total
simulation time observed for the VEM framework. Fewer nonlinear iterations and load incre-
ments result in a smaller number of global stiffness assemblies and computation of tangent
stiffness matrices, thereby enhancing overall computational efficiency.

4.4. Crack propagating in hyperelastic composites

The phase-field formulation presented in Section 2 is developed within the framework of
infinitesimal strain kinematics and is employed throughout this work for small-deformation
fracture simulations. To model fracture in hyperelastic composites undergoing large deforma-
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Figure 17: Schematic of the specimen. All dimensions are in millimeters.

Uy

SN N NN

il

Sym BC Sym BC Sym BC

Figure 18: Mesh and the boundary conditions. The inclusions are discretized with a single polygonal virtual
element while the matrix is discretized with four-noded finite elements.

tions, this framework is extended to finite deformation kinematics following the formulation
proposed in Section 3.4.1.

We now consider the problem of crack propagation in a hyperelastic composite, exper-
imentally and numerically investigated in [83]. The specimen is 3D printed using a soft
elastomeric TangoBlackPlus (TP) material forming the matrix and a stiff VeroWhite (VW)
material forming the inclusions. The specimen geometry is illustrated in Fig. 17. In the ex-
periments [83], several configurations were tested by varying the distance between inclusions
and the notch length. In this study, we analyze the N20D30 specimen, where the initial
notch length equals 20% of the specimen width (4.8 mm), and the center-to-center distance
between the outermost inclusions is 30 mm. The specimen is subjected to tension by pulling
one end while fixing the other.

The discretization of the N20D30 specimen and the applied boundary conditions are
shown in Fig. 18. Symmetry boundary conditions are imposed to reduce the computational
cost. A slight asymmetry is introduced by horizontally shifting the central inclusion by
0.024 mm to capture geometric imperfections resulting from the 3D printing process [83].
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Table 8: Material properties used in the simulation [83, 106, 38]. Superscript 'm’ represents the matrix (TP)
and i’ represents the inclusion (VW).

Property Value

' 0.24 MPa
4 0.499

G 0.7 N/mm
Iy’ 0.8 mm

u 714 MPa
v 0.4

G 1 N/mm
I 0.8 mm

Both finite elements and virtual elements are employed in the numerical model. Since the
four-noded finite elements exhibit linear displacement and damage variations along their
boundaries, they can be seamlessly coupled with first-order virtual elements. Accordingly,
the TP matrix is discretized using four-noded plane stress finite elements, whereas each
inclusion is modeled using a single polygonal virtual element. The central inclusion comprises
one polygonal element with 165 nodes, while the other two inclusions each contain a single
polygonal element with 41 nodes. The VEM-FEM hybrid discretization strategy has been
discussed in detail in Section 3.4.

The soft TP matrix material is modeled using a Neo-Hookean formulation, which un-
dergoes finite deformation prior to brittle fracture, whereas the VW inclusions are modeled
as linear elastic materials that fail in a brittle manner. Since none of the experimental
specimens reported in [83] exhibited interfacial debonding, the interface is assumed to be
sufficiently strong relative to the surrounding matrix, and interfacial debonding is therefore
not modeled in the current simulation. The material parameters used in the simulations
are listed in Table 8. The TP material is nearly incompressible, with v = 0.499, while the
stiff VW inclusions are approximately 3000 times stiffer than the TP matrix. An artificial
viscosity of 0.001 is introduced to mitigate numerical convergence issues [83, 106, 38|.

Figure 19 illustrates the stages of crack propagation in the hyperelastic composite. The
figures on the left show the experimentally observed crack paths [83], while those on the
right present the corresponding simulation results. The phase-field variable is plotted on the
deformed configuration at different stretch ratios, defined as A = %. Regions where
the phase-field damage variable exceeds 0.9 are omitted for clarity.

At a stretch ratio of approximately A = 1.1500, the primary notch begins to open. Due
to the hyperelastic nature of the soft TP matrix, the crack tip blunts as the crack emanates
from the notch, causing the primary crack to arrest near the inclusion at A = 1.3878. The
numerically predicted stretch ratio at arrest agrees well with experimental observations.
Once the crack tip becomes significantly blunted by the nonlinear elastic deformation ahead
of the front, a secondary crack nucleates between the inclusions at A ~ 1.4262, which is about
2.6% lower than the experimental value. This deviation is likely due to time-dependent stress
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(b) A = 1.1500

(d) A = 1.3878
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o
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Figure 19: Stages of crack propagation in hyperelastic composite. Experimental observations (left) [83] and

simulation results (right). A =

Finallength
~ Initiallength
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Figure 20: Horizontal reaction force vs. horizontal displacement

relaxation in the TP material, which is not accounted for in the present model. The primary
and secondary cracks subsequently coalesce to form a continuous crack that fully separates
the specimen at A = 1.4265, approximately 3% below the experimentally measured value.

Figure 20 presents the horizontal reaction force as a function of the applied horizontal
displacement, comparing the present VEM-FEM based results with experimental data [83]
and FEM-based numerical simulations from the literature. The initial non-linear response
shows excellent agreement among all approaches, indicating that the proposed formulation
accurately captures the effective stiffness of the composite prior to damage initiation. The
peak reaction force is also well predicted, and the overall load—displacement trajectory up
to failure closely follows the experimental response, with the deviation in displacement at
failure remaining within approximately 2%.

The abrupt post-peak force drop corresponds to unstable crack propagation through
the hyperelastic matrix in the presence of stiff inclusions. The ability of the proposed
framework to accurately reproduce both the peak load and the sudden loss of load-carrying
capacity suggests that the essential fracture mechanisms such as stress redistribution around
rigid inclusions and crack localization are well captured. Notably, this level of agreement
is achieved while modeling each inclusion using a single polygonal virtual element with
a large number of nodes, demonstrating that the VEM can accurately resolve complex
crack—inclusion interactions without the need for highly refined, conforming finite element
meshes.

5. Conclusions

This study presented a robust discretization framework for simulating failure in com-
posite structures by coupling the phase-field and cohesive-zone models within the Virtual
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Element Method (VEM) formulation. The phase-field model was employed to capture bulk
fracture, while the cohesive-zone model represented interfacial debonding. The performance
and versatility of the proposed framework were demonstrated through four benchmark prob-
lems, validated against experimental and numerical results. The key conclusions drawn from
this study are as follows:

e The lowest-order VEM can be seamlessly integrated with four-noded linear cohesive el-
ements, enabling the construction of non-uniform meshes across interfaces and thereby
providing significant flexibility in mesh design.

e For interfacial fracture simulations, the VEM allows highly refined discretization within
the cohesive zone while maintaining coarse meshes in the adjoining laminates. This
capability facilitates efficient modeling of high-strength interfaces without requiring
the prohibitively dense meshes demanded by conventional FEM.

e The VEM successfully reproduces experimentally observed crack penetration and de-
flection patterns at composite interfaces using non-matching meshes in both the bulk
and interface regions, confirming its robustness for heterogeneous discretizations.

e Rigid inclusions can be represented as single polygonal VEM elements containing sev-
eral hundred nodes (up to 420 in this study) without compromising the accuracy of
crack-kinking angles or reaction—displacement responses when compared to FEM.

e The compatibility between the lowest-order virtual elements and four-noded displacement-
based finite elements enables a hybrid discretization strategy. This approach allows
the VEM to be applied selectively in regions with complex mesh topologies, efficiently
capturing multiple crack nucleation and coalescence phenomena in hyperelastic com-
posites. The numerical predictions show excellent agreement with experimental crack
paths and load—displacement responses.

e The proposed VEM-based formulation exhibits superior convergence characteristics
compared to FEM, requiring significantly fewer load increments, particularly during
crack initiation and propagation. This improved robustness with respect to element
distortion, together with the reduced number of degrees of freedom, leads to a sub-
stantial reduction in global stiffness assemblies and tangent stiffness computations,
thereby resulting in a significant reduction in computational cost.

Overall, the results highlight the potential of the Virtual Element Method as a flexible
and computationally efficient framework for modeling fracture processes in composite ma-
terials, particularly in the presence of strong material mismatch, non-matching interfaces,
and complex geometries. Notwithstanding these advantages, the following limitations and
directions for future research are identified:

e In Section 4.4, where the hyperelastic matrix undergoing finite deformation is dis-
cretized using finite elements, convergence difficulties were encountered in Abaqus(Standard),
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particularly during secondary crack nucleation. Similar challenges have been reported
in the literature [93|. To ensure numerical convergence, the default artificial stabiliza-
tion procedures available in Abaqus(Standard) were employed. These difficulties are
likely associated with ill-conditioning of finite element stiffness matrices arising from
severe element distortion [33, 11, 42, 43]. A systematic investigation of the condi-
tioning of global tangent matrices for different discretization strategies constitutes an
important direction for future study.

The present VEM framework is restricted to two-dimensional fracture analyses in
composite structures. An extension to three-dimensional problems would enable the
investigation of out-of-plane crack growth and complex crack surface morphologies.
Furthermore, the incorporation of adaptive mesh refinement strategies within the VEM
framework could further enhance computational efficiency and accuracy in large-scale
simulations.

The composite matrix considered in this study exhibits brittle fracture behavior, which
is representative of epoxy-based composite materials. However, cementitious com-
posites such as concrete display quasi-brittle behavior characterized by pronounced
softening prior to complete failure and often involve aggregates with highly irregu-
lar geometries. The proposed framework is well suited to address these challenges
by modeling aggregates as single virtual elements and by incorporating quasi-brittle
fracture models for the cementitious matrix, thereby offering a promising avenue for
future applications.
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